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Introduction

In this essay, we present a theorem of Tate which relates p-adic representa-
tions with a “Hodge-Tate decomposition” to “locally algebraic” ones. The result
appears in Serre’s “Abelian ¢-adic Representations” [6], as well as in the lecture
notes of Coates [3] which, together with Serre’s “Local Fields” [7], serve as our
main references.

Several tools from ramification theory are needed, and we present these in
Chapter 1. Here we define the ramification groups and establish their basic proper-
ties (the theorems of Herbrand and Hasse-Arf). They notably give rise to formulas
for the exponent of the different Galois extensions, which in turn are crucial for the
definition of so-called “deeply ramified” extensions; for the sake of completeness, we
give five equivalent definitions of these (Section 3.1). Then, ramified Z,-extensions,
which are special cases of deeply ramified ones, are discussed (Section 3.2), and
used in order to compute cohomology groups tracking the action of certain Galois
groups on the completion C of the algebraic closure of Q, (Section 3.2). A brief
account on the cohomology of groups, and in particular of finite cyclic groups, is
also given (Section 2).

In Chapter II, we prove Tate’s theorem. An essential part of the proof is based
on a certain character arising from the Lubin-Tate theory of formal groups (Sec-
tion 1). As a by-product, we obtain almost for free a proof of the theorem of Hasse-
Arf discussed in Chapter I. We then introduce p-adic representations, the analogues
of the classical complex ones, and define a class of those with a “Hodge-Tate de-
composition” (Section 2). Finally, we define “locally algebraic” representations and
prove that they coincide with the Hodge-Tate ones (Section 3.1).

Notations and conventions. Throughout, K denotes a field with a normal-
ized discrete valuation vk for which it is complete. We denote by Ok the ring
of integers of K, mg the maximal ideal in Ok, and kx = Ok /mg the residue
field of K. Unless otherwise stated, for a finite extension L of K, we will always
assume that the extension kj, /kx of residue fields is separable. In particular, Oy, is
a monogenous extension of Of.

Acknowledgement. I would like to thank Professor John Coates for propos-
ing this essay topic, which has been a pleasure to work on from the beginning to
the end.






CHAPTER 1

Higher ramification theory

The main objective of this chapter is to establish identities for the cohomology
groups associated to certain Galois extensions, and which will reveal crucial for the
proof of Tate’s theorem. We start by giving the elementary properties of ramifi-
cation groups, and consequently obtain formulas for the different of finite Galois
extension L/K. Following Coates and Greenberg [4], we then define deeply ram-
ified extensions, and end with examples of such extensions as well as important
cohomological interpretations.

1. Ramification groups

1.1. Ramification groups in the upper numbering. Let L/K be a finite
Galois extension, and let G be its Galois group. The group G acts on Op. For
1 > —1, we define the i’th ramification group of G (in the lower numbering) to be
the subgroup of G operating trivially on the quotient Op, /miLJrl, that is, the kernel
of the action,

G; = ker(G — Aut(Or/m%™)).
The group G_; is G itself, and Gy is the inertia subgroup I of L/K. The G;’s form
a decreasing filtration of normal subgroups G DI D G; D G2 D ... D {1}, which
eventually becomes stationary.

Fix a generator x of the Og-algebra O, and define a function i¢ on G by
ic(s) = vp(s(z) — z).
Then we have
Gi={seGlig(s)>i+1}.
Indeed, the image z; of x in Or/m%"" generates Oy /mit! as an Of-algebra, and
hence s operates trivially on Or,/m%"" if and only if s(z;) = ;.

Let K’ be an extension of K contained in L, and let H = Gal(L/K’) be the
corresponding Galois group. The ramification groups associated to the extension
L/K’ are determined by those associated with the extension L/K, as the following
obvious Proposition shows:

Proposition 1.1. We have H; = G; N H.

In particular, we may take K’ to be the maximal unramified extension K™ of
K contained in L (in which case L/K™" is totally ramified), so that H is the inertia
subgroup Gy of G. Then, by virtue of the Proposition, the ramification groups G;
of G coincide with the ramification groups H; of H for all ¢ > 0. Hence, when
investigating the ramification groups of index > 0, it is sufficient to consider the
totally ramified case only.
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Suppose now, and for the rest of this section, that H is a normal subgroup of
G, so that G/H can be identified with the Galois group of K'/K. The following
result shows that the ramification groups of G/H are determined by those of G:

Proposition 1.2. Let 0 € G/H. We have

i) = —— 3 ia(s),

€L/K’

S§—0

the sum being taken over the elements s of G whose image in G/H is o.

PROOF. The equality holds for ¢ = 1, both sides being equal to +oc. Hence,
let us assume o # 1. If z, resp. y, denotes a generator of the Og-algebra Op, resp.
Ok, we have ig(s) = vp(s(x) — x) and ig,u(0) = vr(o(y) —y)/eL Kk, the latter
equality following from the formula vy (z) = er k- vk (). O

1.2. Herbrand’s Theorem. For a real number v > —1, set G,, = GG;, where
i is the smallest integer > u. For u > —1, define

v dt
)= |, oy

with the convention that (Go : Gt) =1 for —1 <t < 0 so that ¢k is the identity
on [—1,0]. [When there is no ambuiguity, we omit the reference to L/K and write
¢ instead.] Clearly, if m < u < m + 1 for some positive integer m, we have the
formula

1
(1) p(u) = %(91 + ...t gm + (u—m)gmy1), where g; = Card(G;).

The following is immediate, and provides an alternative characterization of ¢:

Proposition 1.3. The function ¢ is the unique continuous, piecewise linear map
from [—1,00[ to itself, satisfying v(0) =0 and ¢'(u) = gu/go if u & Z.

In particular, since it is striclty increasing, it is a homeomorphism; denote by
=K its inverse. The ramification groups in the upper numbering are defined
by

G" = Gy or equivalently G¥W = @,.

By the remarks above, we have G=! = G, G° = Gy, and G¥ = {1} for v sufficiently
large. Furthermore, the upper numbering is adequate for quotients, by virtue of
the following:

Theorem 1.4 (Herbrand). For all v > —1, we have (G/H)”" = G'H/H.

Before proving the Theorem, we will establish some facts about the functions
@ and .

Lemma 1.5. ¢ /k(u) = gio > osec Inf(ia(s),u+1) — 1.

PRrROOF. Suppose m < u < m + 1 for some positive integer m. By comparing
with formula (1), it clearly suffices to show that ) . Inf(ig(s),u + 1) = go +
oo+ gm + (. — m)gms1. This follows by decomposing the sum into two sums
running over s € G, respectively s € G\G,, as well as from the equivalence

s € Gi\GiJrl — ig(s) =i+ 1. O
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Lemma 1.6. For o € G/H, let j(o) be the mazimum of the integers ic(s), where
s runs through the elements in G whose image in G/H is o. Then

iq/u(o) —1=r/k(jlo) —1).

PROOF. Let s be an element of G whose image in G/H is o, and for which
ic(s) = j(o), and set m = ig(s). If t € Hy,—1, ig(t) > m, so that ig(st) > m; by
maximality, ig(st) = m. If ¢t ¢ Hp,—1, ig(t) < m so that ig(st) = ig(t). Hence,
ig(st) = Inf(ig(t),m). Noting that the elements of G whose image in G/H is o
are of the form st, t € H, it follows by Proposition 1.2 that

i (o) = Inf(ic(t), m).

e
L/K i

Noticing that ig(t) = ig(t) and e,k = Card(Hp), and applying the formula of
Lemma 1.5 for ¢y, /g, we obtain the desired result. O

Lemma 1.7. G,H/H = (G/H)M/K,(u)-

PrOOF. We keep the notations of the previous lemma. We have the equiva-
lences:

c€GuH/H <<= jlo)>u+1l <= op/x(jlo) —1) > pp/x(u)
<~ Zg/H(U)—lz(pL/K/(u) < U(G/H)LpL/K/(u)'

Lemma 1.8. We have the transitivity relations
PL/K = PK'/K °PL/K’ and ¢L/K = 7/)L/K/ © 1/)K//K-

PROOF. Fix u ¢ Z, u > —1, and set v = ¢ k(). By the Chain Rule, the
derivative of the composition ¢x//x © w1 /K is

(p’K,/K(U) ) QOIL/K’(U) _ Card((G/H)w) _ Card(H,,) _ Cau"d(Gu)7

CK'/K €L/K’ €L/K
the second equality following from Lemma 1.7 and the transitivity formula for the

ramification index. The latter term is precisely the derivative of oy, /x(u), and the
desired equality for ¢ follows. The equality for ¢ is obtained from that for ¢. O

PRrROOF OF THEOREM 1.4. By definition, (G/H)" = (G/H)y,, . (v)-
ma 1.7, this is equal to G, H/H, where w = ¢,/ (¥ /i (v)). By the transitivity
formula for ¢, we have w = ¥,k (v), and hence G, H/H = GwL/K(v)H/H =
GYH/H. This completes the proof. O

By Lem-

1.3. The theorem of Hasse-Arf. If L/K is an infinite Galois extension,
we can define, by virtue of Theorem 1.4, the ramification groups of G by setting
Gy JK = lim G, K where L’ runs through the finite Galois extensions of K con-
tained in L. Again, we obtain an decreasing filtration, satisfying G* = (1, ., G*.
We say that v is a gap in the filtration if G # G¥*¢ for all € > 0. As the following
example shows, gaps in {G"} may occur at non-integral values.
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Example. Let H be the quaternionic group, and let C' = {£1} be its centre. In [8],
Serre shows that there exists a totally ramified extension L/K with Galois group
G, and such that G4 = {1}. We will show that a gap occurs in the filtration {G"}
at the point 3/2. A small computation shows that ¢y, /x is the identity on [-1,1],
so that GV = G, = G for —1 < v < 1. Furthermore, for 1 < u <3, pr/k(u) takes
its values in the interval |1,3/2]. Hence, G* = G2 = G3 = C for 1 < v < 3/2.
Finally, G¥ = G4 = {1} for v > 3/2.

In the case of abelian extensions, however, the gaps are more well-behaved, as
the following theorem shows.

Theorem 1.9 (Hasse-Arf). Suppose G is abelian. Then the gaps in the filtration
{G"} only occur at integral values of v.

The proof is given Chapter II, §1, using Lubin-Tate formal groups. However, a
direct (but longer) proof can also be obtained, see Serre [7], Chap. V, §7.

1.4. The group of units. Let U = O} be the group of units of K. We define
a filtration of U by setting

Ut = U
Ur = 1+myg, forn>1.
Notice that this forms a basis of neighbourhoods of 1.
Proposition 1.10. For all n > 1, we have isomorphisms
U/U" ~ (O /mE)* and U™/U™ ~ml /mpt ~ &k

PRrROOF. The map U — (Og/m})*, obtained by sending v € U to u (mod
m’), is surjective, with kernel U™. This establishes the first isomorphism. The
map U™ — mf, obtained by sending 2 +1 € U™ to x € mf,, clearly induces an
isomorphism U” /U™ ~ m% /m7%t!. Furthermore, k7% /k}:™ is a one-dimensional
vector space over kg, and hence is isomorphic to k}, the additive group of kg.
This establishes the remaining isomorphisms. O

Proposition 1.11. Let ex = e q, be the absolute ramification index of K.
(i) Ifn<ex/(p—1), then UE C Upyp.
(i) If n > ex/(p — 1), then U, =~ Upiey, the isomorphism being given by
T — 2P,

PRrROOF. (i) Obvious for n = 0. So suppose n > 0; let m be a uniformizer of
Ok, and let x = 1+ an”, z € Ok, be an element of U,,. We need to show that
2P =1+ par™ + ...+ (am™)P belongs to UP =1+ m,, or equivalently, that all the
terms in a belong to m%,. This is obviously true for the last term (an™)P. On the
other hand, each middle term (’;) (am™)?, 0 < i < p, has order > n + er. Indeed,
the binomial coefficient (f ) is divisible by p, so it is of the form pt for some ¢; thus,
vi (pt) > vk (p) = exvg,(p) = ex. But by assuption, n 4+ ex > np, and we are
done.

(ii) We use the same notation as in (i). Let y be an element of Uy 4, , say
y =1+ br" Tk, We must show that there is a unique = € U,, say z = 1 + 27",
such that 2P = y, i.e. that the equation

(2) (14 27™)P =1+ br"tex
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has a unique solution in z € Og. By the same argument as in (i), each term
in z, in the expansion of z, belongs to mj*< (for the last term, the assumption
np > n + ex is used). Hence, if we subtract 1 from both sides of equation (2) and
divide by 7"*¢X  the equation becomes f(z) = b for some polynomial f € Og]z]
with coefficients all divisible by . Moreover, the term of degree 1 is zpr™ /7" TeK =
pr K z; let a = pn K be its coeflicient. Taking the valuation vy of a, we obtain
vk (a) = vk (p) — ex = exv(p) — ex = 0, where v is the valuation on Q,. Hence,
a € O}, so that (x) becomes

(3) az+ F(z)=0b, a € Ok, F € Oklz].

Reduction modulo mg yields the equation @z = b, and since b € Oj;, we have b#0
and hence this equation has a unique solution in Z. By applying Hensel’s Lemma,
we deduce that (3), and consequently (2), has a unique solution in z. O

1.5. The different. Let x denote a generator of Of, over Ok, and let f(X) =
[I,cc(X — s(x)) be its minimal polynomial. The discriminant ®,,x is generated
by f'(z) (Serre [7], Ch. III, Cor. 2 to Prop. 11).

Theorem 1.12. Suppose L/K is a finite Galois extension. Then
vr(®pk) =Y (9i—1) = / (9w — 1)dw, where g; = Card(G;).
i=0 -1
Notice that g; — 1 = 0 for ¢ sufficiently large; hence the sum is well-defined.

PROOF. By the remarks above, we have f'(z) = [[,, (z—s(2)) and v (D /x) =
or(f'(@)) = 22541 ic(s). We have ig(s) =i if s € G;—1\Gi; hence, if r; = g; — 1,
we get >y ig(s) = Digi(ri-1 —1i) = (ro—r1) +2(r1 —r2) +... = 372 7i, and
the first equality is established. The second equality is immediate. O

We prove the following generalization to the case where the extension L/K
is not required to be Galois. For u € [1,00[, let K" denote the fixed field of
Gal(L/K)".

Theorem 1.13. Suppose L/K is a finite extension. Then

(4) v, (D k) =er/k - /010 <1 - m> dv.

PrOOF. We reduce the theorem to the classical case of Galois extensions. To
that purpose, let M be any finite Galois extension of K containing L. Let H =
Gal(M/L) be the corresponding Galois group, and let h,, be the cardinality of the
u’th ramification group H, of H. By multiplicativity of the different, D/ =
DM/L . QL/Ka and thus UM(DL/K) = 'UM(@M/K) - UM(DM/L) This identity7
combined with that of Theorem 1.12, yields

(5) (D k) = : oM (Dr/K) = L / (gu — hu)du.

€M/L emM/L J-1
On the other hand, LN F" is the fixed field of the smallest subgroup of G' containing
H and G”, i.e. G'H = HG" (since H is normal in G). Hence Gal(L/L N K") =
HGV/H, and by the second isomorphism theorem, [L : L N K] = Card(GV/(G" N
H)). Passing to the lower numbering, we have [L : LN K"] = Card(G,/(G, N H)),
where u = @7/ (v). But by Proposition 1.1, G, N H = H,, so that [L : LNK"] =
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Card(G,)/Card(H,). By Proposition 1.3, ‘/’9\4/1{(“) = gu/go, so by making the
variable change u = @7/ i (v), the right hand side of (4) is equal to

eL/K-/ (1—h—u) g—“du:%-/ (gu — hu)du
-1 Gu /) 9o 9o -1

Recalling that Gy is the inertia subgroup of G' which has cardinality eps g, and
that e,/ x = en/r - er/k, we see that this formula coincides with (5), whence the
result. O

If L/K is a finite extension, the conductor of L over K is the smallest integer
v for which L C K"~'; we denote it fr,/x.

Corollary 1.14. Suppose L/K is a finite extension. Then
€L/K - fL/K/2 < UL(DL/K) <er/k- fL/K-
PROOF. By definition, LNK" = L when v > fr,x—1. Thus, by Theorem 1.13,

fr/x—1
UL(QL/K) =€L/K " / h(v)dv,

-1
where h(v) =1 —1/[L: LN K"]. Clearly, 1/2 < h(v) <1for =1 <v < fr /g — 1,

and hence
fryx—1

Jrx/2 < / h(v)dv < fr/Kk-

-1
The result follows immediately. O

Lemma 1.15. Let M/L be a finite extension. Then Trys/p(Onr) = m¥Y where N
is the integral part of vr.(Dar/r)/en)r-

PROOF. Let 7 be a uniformizer for L. The inequality N - ey < vr(Dar/r)
implies that 7=V Oy C ’Dl\jll/ » and, taking the trace on both sides, we get that
Trar/(On) € 7V Op(= mY). On the other hand, the inequality (N + 1)ens/r >
v (D r) implies that Trar/z(On) is not contained in mY ™. Since Traz/r(On)
is an ideal of Oy, it follows that the inclusion Trps/,(Onr) C mY is an equality. [

2. Cohomology of groups

In this section, we briefly recall the construction of the cohomology groups of
G-modules, and establish some standard results: the inflation-retriction sequence
and a “non-commutative” version of Hilbert’s Theorem 90. Special emphasis is
then put on the case where the group G is finite and cyclic, and it turns out that
the cohomology groups are periodic of period 2. The definition of the Herbrand
quotient arise from this observation.

2.1. Definitions and elementary properties. Let G be a group, and let
A be a G-module (i.e. an abelian group on which the group algebra Z[G] acts).
If B is another G-module, a G-homomorphism f : A — B is a homomorphism
of Z|G]-modules. If A% resp. B¢, denotes the largest subgroup of A, resp. B,
of elements fixed by G, then f maps A® into BY; thus we may view A% as a
functor from the category of G-modules to the category of abelian groups. If we
view Z as a G-module on which G acts trivially, we can identify AY with the group
Homg(Z, A) of G-homomorphisms Z — A. By definition, the cohomology groups
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of G, with coefficients in A, denoted H*(G, A), are the right derived functors of
A% ~ Homg(Z, A), that is,

HY(G, A) = ExtY(Z, A) (g >0).
For their explicit computation, we choose a free resolution of Z
oL —=Ly—7Z—0,

where L,, is the free Z-module with basis (xo,...,Z,), ; € G, on which G acts by
translation. The differential d : L,, — L, is given by the formula
d(l‘o, s ,Z‘n) = Z(—l)z(l‘o, o 7'%1'7 s 7x’n)a

i=0
the notation Z; meaning that the letter x; is omitted, and the final map Lo — Z is
simply chosen to send every (x¢) € Lo to 1 € Z. As usual, denote by C"(G, A) =
Homg (Ly, A) the set of cochains on G. Its elements are thus functions f : G+ —
A satistying f(s-xo,...,8 xy) = s f(x0,...,2n), s € G. The coboundary map
d: C"(G,A) — C"TY(G, A) is given by

df(xl,...,$n+1) = xl'f(x27"'7xgn+l)
+ Z(—l)lf(l‘l, ey TiTi415 - - - ,a?n+1)
=1

+(_1)n+1f(m17 s 7xn),
and we recover the definition
HY(G, A) =ker d/im d.

Notice that a 1-cocycle is a map f : G — A satisfying f(z2’) = zf(2’) + f(x), and
that such a map is a 1-coboundary if there exists a € A such that f(z) =z-a—a
for all x € G. Two cocycles f,g on G are said to be cohomologous if there exists
an element a € A such that f(x) = a~lg(x)x(a) for all z € G.

Given an exact sequence of G-modules
0—-A—B—C—0,

we obtain, in the usual manner (by choosing the above resolution of cochains and
applying the Snake Lemma), a long exact sequence in cohomology,

() ...— HYG,A) — HYG,B) — HY(G,C) — HIT G, A) — ....

Hence, the functor H4(G, ), besides being a derived functor (i.e. H(G, A) = A%,
and H1(G,A) =0if ¢ > 1 and if A is injective), is in fact a cohomological functor.

The following proposition shows that the cohomology groups behave well under
passage to inductive limits. This is of particular interest when we deal with infinite
Galois extensions, such as deeply ramified extensions, since the Galois groups in
question are then the projective limit of the Galois groups corresponding to the
finite Galois subextensions.

Proposition 2.1. Let (G;) be a projective system of groups, and let (A;) be an
inductive system of G;-modules. Let G = @Gi and A = li_rr}Ai. Then

HY(G,A) = H_I)an(Gi,Ai), for all ¢ > 0.



14 1. HIGHER RAMIFICATION THEORY

PROOF. It is clear that lim C*(G;, A;) ~ C*(G, A), and the result follows by
taking homology. O

Let H be a subgroup of G. Then we have a natural restriction map
Res: HY(G,A) — H'(H, A).
If furthermore H is normal, we have the inflation map,
Inf : HY(G/H, A™) — HY(G, A)

defined by sending the 1-cocyle f : G/H — A to the 1-cocycle Inf(f) defined by
Inf(f)(x0) = f(To), where Tp denotes the image of z¢ in G/H.

Proposition 2.2. The following sequence is exact:

0 — HY(G/H, A") 25 gY(G, A) 2 HY(H, A).

PrROOF. One immediately verifies that Res o Inf = 0. Hence it suffices to show
exactness at H'(G/H,A") and H'(G, A).

If f: G/H — AH is a cocycle on G/H whose inflation is a coboundary on G,
then by definition there exists a € A such that f(3) =s-a—aforalls € G. In
particular, if s € H, we get s-a—a = f(35) = f(0) = 0 so that a € A”. Hence f is
a coboundary on G/H, which proves exactness at H*(G/H, A%).

Similarly, if f € ker(Res), then there exists a € A such that f(t) =t-a —a for
all t € H. The cocycle F(s) = f(s) — (s-a — a) is cohomologous to f and zero on
H. Suppose s € G and t € H. The formula F(st) = sF(t) + F(s) = F(s) shows
that F' defines a cocycle on G/H. Furthermore, since H is normal in G, we have
F(st) = F(t's) = t'F(s) for some t’' € H, showing that F(s) is invariant under H,
i.e. that F takes its values in A”. This proves exactness at H'(G, A). O

We will need the following non-commutative version of Hilbert’s Theorem 90:

Theorem 2.3 (Non-commutative Hilbert 90). Let L/ K be a finite Galois extension
with Galois group G. Then, for allm > 1, HY(G,GL, (L)) is trivial.

PRrROOF. Let f: G — GL,(L) be a 1-cocycle on G. For a matrix a € M, (L),
form the sum = = ) ., f(s)"'s(@). Then for any ¢ € G, we have o(z) =
Yseco(f(s) Hos(a) = flo) Y ,cq f(os) tos(a) = f(o)z, the second equality
following from the identity f(os) = f(o)of(s) on cocycles (in the multiplicative
notation). Hence, f is a coboundary if we can choose « such that x is invertible
(so that we can write f(0) = o(z)/x). But the linear form Y .. X f(s) on LY
is non-zero since the elements f(s) are invertible, and the result follows by linear
independence of characters. O

We recover the standard version in the case n = 1:

Corollary 2.4 (Hilbert 90). Let L/K be a finite Galois extension with Galois group
G. Then HY(G, L*) is trivial.

Remark. If the extension L/K is infinite, we also have H'(Gal(L/K), L*) = 0 since
we may pass to the projective limit and apply Proposition 2.1.
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2.2. Cohomology of finite cyclic groups. Let G be a cyclic group of order
n, and let s be a generator of G. Let

T = Z t and D=s-1.
teG
Since ), .o ts = D ,cqt, these operators satisfy ND = DN = 0. Thus, for a

G-module A, we have a cochain complex

=y RNy =y RN

)

where the differentials are multiplication by D, resp. by N. Let H?(A) denote the
¢’th cohomology group of this complex. Explicitely, we have

HY(A) = A/TA, for ¢ even,
HY(A) = A°/DA, for ¢ odd,

where AY denotes the kernel of the trace map a — T'a; of course, A® is the kernel
of D. It turns out that these groups are almost equal to the cohomology groups of
G, as defined above. More precisely,

HY(G, A) = H(A) for all ¢ > 0.

[This follows from the defining properties of the Tate cohomology groups, see Cassels-
Frohlich, Chap. IV, §6.] Now if 0 - A — B — C — 0 is an exact sequence of
G-modules, the long sequence (x) of cohomology becomes an exact hexagon:

/

HY(C)

N

H?(A) — H?(
HY(B) — HY(

B)
N\
H(C)
/
A)

Suppose that H'(A) = HY(G,A) and H?(A) = H?(G, A) are finite, and let
h1(A) and ha(A) be their respective orders. Then the Herbrand quotient of A is

h(A) = ha(A)/h1(A).

Proposition 2.5. Let 0 - A — B — C — 0 be an exact sequence of G-modules.
Then h(B) = h(A)h(C) whenever these are defined.

Proposition 2.6. If A is a finite G-module, then h(A) = 1.
PROOF. We have an exact sequence of G-modules
0—>AG—>A£>A—>Ag—>O.

In particular, if A is finite, then A9 and Ag have the same order. On the other
hand, the exact sequence

0— HY(A) — Ag = A% — HO(A) — 0,
shows that HY(A) and H'(A) have the same order. O

Corollary 2.7. Let A and B be G-modules, and let f : A — B be a G-homo-
morphism with finite kernel and cokernel. Then A and B have the same Herbrand
quotients, whenever these are defined.
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PROOF. Suppose that h(A) is defined. We have the exact sequences
0—ker f—>A— f(A)—0
0— f(A) — B — coker f — 0.

By Proposition 2.5, we get h(A) = h(ker f)h(f(A)) and h(B) = h(f(A))h(coker f),
and by Proposition 2.6, we get h(A4) = h(f(A4)) = h(B). O

3. Deeply ramified extensions
Throughout this section, K will be a finite extension of Q,.

3.1. Definitions. We introduce a class of infinite extensions of which all finite
extensions are “almost unramified”, and give equivalent definitions of these. For
their definition, we first need a useful existence lemma:

Lemma 3.1. Suppose L is the union of an increasing filtration of subfields { Ly, }ner,
and let M be a finite extension of L of degree d. Then there exists an index ng € I
and an extension My, of L,, of degree d, such that M,,L = M and My, and L
are linearly disjoint. If the extension M/L is Galois, then M;, can be chosen to be
Galois over Ly, .

PROOF. Let {e1,...,eq} be a basis of M over L. Define scalars cfj by e;-e; =
Zcfjek. Choose ng large enough so that all the elements cfj belong L,,, and
define My, to be the degree d extension Ly, (e1,...,eq) of Ly,. If we extend the
Ly,-algebra M, by L, we obtain M, ie. M,, QL,, L = M. Since M is a field,
M, and L are linearly disjoint. Consequently, M,,L = M,, ®r, L = M, so
M, satisfies the desired conditions. Now if M/L is Galois, then linear disjointness
implies that s(M,,)L = M for all s € Gal(M/L). Hence, for m > ng sufficiently
large, s(Mp,)Lm = Mp,Ly,. Hence, if we put M,,, = My, Ly, then M,,/M,, is
Galois, as desired. O

Let L,, C L,41, n > 0, be successive finite extensions of K. Set L = |JL,, C
Q,. For a finite extension M of L, and for a sufficiently large integer no, let M,,

be the unique finite extension of L,, defined in Lemma 3.1. For all n > ng, let
M, = M, L.

Recall (§1.5) that the conductor f,x of L over K is the smallest integer for
which L ¢ K~'. We say that L has finite conductor over K if this integer is
bounded. Denote by v the valuation on @p, and by m the corresponding maximal
ideal. The main result of this section is the following:

Theorem 3.2. The following assertions are equivalent:

(i) L does not have finite conductor over K.
(i) lim,—eo v (DL, /0,) = +00.
(ili) H'(L,) = 0.
(iv) For every finite extension M of L, Tryr/p(mar) = mz.
(v) For every finite extension M of L, limy, oo v(Dypy, /1) = 0.

The extension L/K is said to be deeply ramified if it satisfies these equivalent
conditions. We will successively establish the above equivalences. Let us start with
the easiest one:

Proposition 3.3. The following assertions are equivalent:
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(i) The conductor of L over K is bounded.
(ii) vk (DL, q,) is bounded.

Proor. By multiplicativity of the different, @, can be replaced by K in the
Proposition. By Corollary 1.14, the conductor f, /x and vr (D, /x) mutually
bound each other (up to multiplication by a scalar). The result follows by passing
to the limit. O

Lemma 3.4. Assume that L does not have finite conductor over K. Let H be a
any finite extension of Qp. Then, for each v > —1, limy,_,o[Ly, : L, N H] = +o0.
In particular, lim,_, ey, = +00.

PRrROOF. The fact that L does not have finite conductor implies that L is an
infinite extension of L N H”. Indeed, if it was a finite extension, it would be the
product of L N HY with a finite extension of Qp; these two factors have finite
conductor, implying that L would have finite conductor, hence a contradiction.
Now let {z,x1, ...} be a sequence of elements of L ordered such that, if d; denotes
the degree of z; over LN H", then the corresponding sequence {dy, d1, . ..} is strictly
increasing. Since z; € L,, for n; sufficiently large, we have that, for all n > n,,
x; € L, and x; has degree > d; over L, N H”. Consequently, [L,, : L, N H"] > d;
for all n > n,;, and the result follows. The statement lim, .. ez, = +oo follows
by taking H = Q, and noting that ey, = [L, : L, N (Q,)°] (recall that (Q,)°
is the fixed field of the inertia group of Gal(Q,/Qp), i.e. the maximal unramified
extension of Qp). O

Proposition 3.5. The following assertions are equivalent:

(i) L does not have finite conductor over K.
(ii) For every finite extension M of L, lim, .o v(®ypy, /1.,,) = 0.
(iii) For every finite extension M of L, Try/p(mar) = myz.

PROOF. (i) = (ii): We may, without loss of generality, suppose that M is Ga-
lois over L. Indeed, if it is not, we can take its Galois closure and use multiplicatity
of the different; this will obviously not affect the implication. In the same way, we
can choose M, to be Galois over L,, for all n > ng (by virtue of Lemma 3.1). For
short we write

H=L,, J=M,, R,=L,NH" S’=M,NH"

By multiplicativity of the different, Dy, /1, = Das, /i - D, /pr- Taking valuations
on each side, we get U(DM,L/Ln) = 'U(DMTL/H) - U(DLn/H) =1/em,vm, (CDMn/H) -
1/er,ve,, (DL, /m). By Theorem 1.13, and using multiplicativity of the ramifica-
tion index, we get

1 [ 1 1
v, yr,) = g/_l <[Ln ‘R3] M, S%]) “w

Since J/H is finite, we have J C H" for v sufficiently large, say v > vo. Fur-
thermore, since F,, and H" are Galois over H, it is easy to show that F,, and H"
are linearly disjoint over their intersection R}, (i.e. F,, ®gs H" is a field). Hence
(L s R) = [LaS2 : R, (o).

Claim. L), = L,S}.
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PRrROOF. The inclusion L,,S? C L/ is immediate. Furthermore, J C H" for all
v > wg so that L = JL,, C SYL,. O

It follows that [L, : RY] = [M, : S¥] for all v > vy, and hence the above
formula for v(®yy, /1, ) reduces to

® - 1 [ 1 1 p
UML) = |\ Ry M s )
1 vo dv
S R -
(524 _1 [LTLR%]
vo + 1
eH-[Ln:RZO]’

the last inequality following since R} C Ry° for all v > vy. Since K does not have
finite conductor, it follows by Lemma 3.4 that this last term, and hence v(Dyy, /1, ),
tends to 0 as n — oo.

(ii) = (iii): Suppose in the first instance that the absolute ramification index
er, = er,/q, is bounded as n tends to oo, i.e. there exists and integer ng > 0
such that e, = e Lng for all n > ng. By multiplicativity of the ramification index,
er/r, = 1(n > ng). Hence L/L,, is unramified for all n > ng. By multiplicativity of
the different, it follows that Dy, /1., = Pn, /L, for all n > ng. By assumption,
(D, /1,,) tends to 0, so that Dy, /r, must be equal to Oy, for all n > ng, i.e.
M, /Ly, is unramified. But by Lemma 1.15, we have Try;, ,r, (mas,) = mz, and,
passing to the limit, Try;/z(mar) = mz. Suppose now that er, is unbounded as
n — oo. Let m, be a uniformizer for L,,. Then lim,, .o v(m,) = lim, ., 1/ey, = 0.
Let a, be defined by Tryy, /1., (On,) = 737 Or,,. Using Lemma 1.15, we obtain an
inequality

an < UM, (®wm,/L,)

n, - ulmir) = v, (70) = ay < MRS o) o@Dy, ),
Mn/Ln

from which we deduce v(m) < v(Dyy, /1, ). Hence v(mi) — 0 as n — oo, and
consequently, lim, o v(7& 1) = lim, oo (v(7%") + v(7,)) = 0. Pick z € my,.
Then, for n sufficiently large, v(z) > v(72+1). It follows that € 710, =
o (7, OL,, ), which, by definition of a,,, implies that « € Tryy, /1, (1, O, ). Pass-
ing to the limit, we get that x € Trys x(mar), whence mz C Trpy/z(mar).

(iii) = (i): For each t > 0, let ®; be the t'th layer of the cyclotomic Z,-
extension of Q,, i.e. the unique subfield of the cyclotomic Z,-extension of Q,
which is of degree p* over Q, (see Section 3.2, Example 3.12). Let L/, = L, ®;. We
will prove the implication by contradiction. Namely, we will prove that, if L has
finite conductor over K, then, for all ¢ large enough, we have

(6) Trar, sz, (mar,) C pmy,,, for all n > ng,

where ng is to be defined. By passing to the limit, we obtain that Try;/r(mas) C
pmz ¢ my and hence the desired contradiction. So suppose that L has finite
conductor over K. Define an increasing sequence by < by < ... of integers by
Trr, j0,(OL,) = p"Zy. By Lemma 1.15, b, is the integral part of v(Dy,, /q,) =
v, (DL, /q,)/eL,- By Proposition 3.3, v(Dr, /q,) is bounded, and hence so is by;
that is, there is an integer ng such that, for all n > ng, b, is equal to a fixed constant
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b. Consequently, for n > ny,
(7) Trr,0,(0L,) = p'Zy.

Now suppose that (6) does not hold, i.e. that there exists an integer n > ng
such that Traz, ,r, (maz,) 2 pmr,,. Then, applying Try, /g, on both sides yields
Trar, /g, (Mar,) 2 pTrr, g, (me,) 2 pTry, g, (POL,) = P*TrL, jo,(OL,) = p"?Zy,
the last equality being that of formula (7). This inclusion clearly holds when re-
placing M,, by ®;, i.e.

(8) Tre, /0, (Me,) 2 p"T2Z,.

Now let (; be a root of unity of exact order p**2 if p = 2, and of exact order pt*+!
if p > 2. Let Q = Q,(¢); this is an extension of Q, of degree p(t + 2) = p'*!
if p = 2, and of degree p(t + 1) = (p — 1)p* if p > 2 (Serre [7], Chap. IV, §4).
Hence, the degree d = [ : ®¢] isequal to pif p =2, and p—1if p > 2. We
have Oq, = Zy[(;], and hence Tro, /g, (Oq,) € gp'Z,. By multiplicativity of the
trace map, Trq)t/@p (Oﬂt) = Ter/‘:Dt (Oﬂt)il ’ Ter/Qp (Oﬂt) = gil ’ Ter/Qp (OQt)'
By restricting the left hand side to mg,, we get

Tre, /g, (Mma,) € g~ - Tra, /g, (Oq,) C p'Zy.

Comparing with (8), we must choose ¢ smaller than b + 2, contradicting the fact
that ¢ can be chosen arbitrarily large. O

The next proposition provides a “cohomological” description of deeply ramified
extensions.

Proposition 3.6. The following assertions are equivalent:

(i) L does not have finite conductor over K.

(i) HY(Gal(@,/L),™) = 0.
In order to prove the Proposition, we need two little lemmas.

Recall that, in the proof of the previous proposition, we defined a sequence
of positive integers a,, for n > ng, by Traz, ;. (Om,) = 757 Op,, T, being a
uniformizer for L. Let O}, denote the kernel of the trace map from Oy, to Oy, .

Lemma 3.7. Suppose M is a cyclic extension of K, and let s denote a generator
for its Galois group. Then, for all n > ng,

T 0Y, C (s —1)Opn,.

PROOF. Let G = Gal(M/L). The ring Oy, , viewed as a G-module, contains a
free O, [G]-module X of rank 1 which is a finite index in Oy, . Hence, the inclusion
X — Oy, has finite kernel and cokernel, so by Corollary 2.7, Oy, and X have same
Herbrand quotient. Consequently, this quotient is 1 (since Oy, is a free Oy, [G]-
module of rank 17). Consequently, the groups H°(Oyy, ) and H*(Oy, ) have same
cardinality, i.e. Card(Og, /75" Or,) = Card(Of, /(s —1)Oy,). Since O, /(s —
1)Ops, is an Op, -module, it follows by the structure theorem for modules over
principal ideal domains that it decomposes into the direct sum ®7_, 0z, /74O, .
By comparing cardinalities, we must have that a, = >_._, d;. Thus, 7% annihilates
®_10p, /750y, , or equivalently, OF, /(s — 1)Ou,, and hence each element of
marOf s an element of (s — 1)Oyy,, , which completes the proof. O
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Let M be a finite extension of L of degree d. For each n > ng, let N, be
an Or, -submodule of Oy, of rank d, and suppose that Oy, N, C N, whenever
m > n. Fix an O, -basis wi(n),...,wq(n) for N,. Recall that the discriminant
ON, =0n, /0, is the ideal of Or, generated by det(o;(w;(n)))?, where o1,...,04q
are distinct embeddings M,, — @p which leave L,, fixed.

Lemma 3.8. The limit lim, .., v(0y, ) exists in R.

PROOF. Since the rank of N, is independent of n, an Op, -basis for N, is
also an Oy, -basis for N,,, for m > n. Hence we define a d x d matrix A =
(a;n) € GL(d,0Oy,,), where a; is given by w;(n) = Zzzlamwh(m). It follows
that (det(o;(wi(n)))?) = det(> ainoj(wn(m)))? = det(A)? det(o;(wi(m)))?, and
hence

o1, = (det(A)? det(o;(wi(m)))?).
Since each a;;, belongs to O, _, so does det(A)?, and hence, taking valuations of both
sides of the above formula yields v(04s,) = v((det(4)?)) + v(dns,,) > v(0ns,,). The
sequence v(dy,, ) is therefore decreasing, and since each term is > 0, it is Cauchy,
and the result follows. O

Recall that the characteristic ideal c,(R) R is the ideal of 720p, , where
D =>""_, d;, and where the d; are the exponents appearing in the decomposition
R=@!_,0;, /%0y, . Let A be as defined in the proof of Lemma 3.8. Then we
have det(A)Oy,, = ¢m(Np/Or,, My,) and also 0,0, = (det A)?dy,,. Taking val-
uations on both sides of both formulas, we obtain v(¢,, (N, /O, M,,)) = v(det(U)),
resp. v(0pr,) — v(0as,,) = 2v(det(U)). By comparison, we get

o (N Or, M) = £ (0(00r,) — v(@,.))

which, by the above Proposition, implies that for each £ > 0, there exists an integer
N. such that

(9) 'U(Cm(Nm/OLmMn)) <eg

for all m > n > N..

PROOF OF PROPOSITION 3.6. (i) = (ii): We will first prove that if L does
not have finite conductor over K, then for any cyclic extension M /L, we have

(10) H'(Gal(M/L),my) = 0.

This amounts to show that, if s is a generator for the cyclic group Gal(M /L), and
if m9, denotes the kernel of the trace map Tr : mpy; — mp, then m9, = (s — 1)my,
(cf. § 2.2). Clearly we have (s — 1)my; C m9,. Conversely, if z € m9,, then,
for n > ng sufficiently large, * € M, and v(z) > v(72 1) (recall that when
L does not have finite conductor over K, v(mé*1) tends to 0 as n tends to oo;
see the proof of Proposition 3.5). Hence z € ng» ™0}, | and by Lemma 3.7,
x € (s —1)mpOn, C (s — 1)myy.

We now pass to the general case. It suffices to show that H*(Gal(L'/L), my) =
0 for all finite Galois extensions L'/ L, since we may then pass to the inductive limit
and deduce (ii) (Proposition 2.1). But since Gal(L’/L) is a solvable group, it has
a composition series of non-trivial cyclic subgroups, and hence there exists a non-
trivial cyclic subextension K/L of L'/L. The corresponding inflation-restriction
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sequence (Proposition 2.2) is
0 — H'(Gal(M/L),mar) — H'(Gal(L'/L), mp/) — H'(Gal(L'/M), mp),

the left term H'(Gal(M/L),mps) being 0 by (10). Furthermore, by induction on
the degree of L'/L, it immediately follows that H!(Gal(L'/M),my/) = 0. Hence
H'(Gal(L'/L),m/) = 0, and this completes the proof of (i) = (ii).

(ii) = (i): Let G = Gal(Q,/L). We assume that H'(G,m) = 0. For all finite
Galois extensions M/ L, the inflation-restriction sequence becomes

0 — H'(Gal(M/L),my) — H'(G,m) — H'(Gal(Q,/M),m).

Hence, H!(Gal(M /L), myy) injects into H*(G,m), and is therefore 0. In particular,
if the extension M/L is cyclic (as above), this implies that m%, = (s —1)my,, where
again s is a generator of Gal(M/L) and m%, denotes the kernel of the trace map
Tr:my; — my. Now let

N, =0, - (1 + m?wn),

where m%/[n denotes the kernel of the trace map Tr : my;, — my_. This is an

Oy, -module of rank d = [M : L], and it satisfies Ops, Ny, C N,,, whenever m > n
(in particular, formula (9) holds). By the equality m$, = (s — 1)mys, we have an

inclusion mY; C (s — 1)myy,, and hence

Or,, N, CN,, =0, -(1 +m?\4m) COp,, - (1+(s—1myy,.

Thus, there is a natural surjection

0 0
Or,, +my, my,

Np Ny, o~ ;
[OLnNn = S Dmar. > 5= Lymar.

in particular, the characteristic ideal ¢,,(my; /(s — 1)mypy,, ) contains the charac-
teristic ideal ¢, (N, /OL,, Ny). Now for a fixed € > 0, the formula (9) implies

(11) v(em(myy (s —Dmar,,)) < em(Nm/OL, Np) < e

whenever n > N.. The ideal my;,, is isomorphic as an Oy, -module to Oy, ,
and the Herbrand quotient of the latter is equal to 1 (see the comment in the
proof of Lemma 3.6). Hence, the O, -modules H°(G,my;, ) = my, /Tr(myy,,)
and H'(m§, /(s —1)myy,,) have same order. Since this order uniquely determines
the characteristic ideal of these modules (the sum of the exponents d; in the direct
sum decomposition above must be equal), we have

v(em(m,, /Tr(mag,))) = viem(mly, /(s — Dma,,)).

If, for each n we define an integer a, by Trys, /1., (Mar, ) = Tmmz,,, then we get
v(em(mg,, /Tr(mag, ) = v(em(m,%™)) = v(wdn), and by 11, we get v(m&) < ¢ for
m >n > N, or equivalently,

An

an) — 0, as n — 0.

v(m

Using exactly the same arguments as in the proof of Proposition 3.5, (ii) = (iii),
we conclude that Try;/ 7 (mas) = mg. By Proposition 3.5, we deduce that L does
not have finite conductor over K. O
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3.2. Ramified Z,-extensions. Let L/K be a Z,-extension, that is, a Galois
extension whose Galois group G is isomorphic to Z,. Closed subgroups of Z, are
of the form p"Z,, n > 1; denote these by G(n). Thus we may form a tower

K:KOCch...CKOO:UKn,
n>0

for which K,,/K is cyclic of order p™ (in fact, Gal(K,,/K) ~ Z,/p"Z, ~ Z/p"Z).
Of particular interest will be the cyclotomic Z,- extensions.

Proposition 3.9. Suppose that K is a local field, and suppose that L/K is a
ramified Zp-extension. The L is deeply ramified.

PROOF. Let G = Gal(L/K), and let 7 be the local reciprocity map defined in
Chap. II, Section 1.3. By Theorem 1.21 of Chapter II, we have G = r(U%;), where
i is the smallest integer > v. But since L/K is ramified, r(U%) must be infinite,
and since U? is of finite index in U° for all 7, this implies that the conductor of L
over K is not finite. Hence L is deeply ramified. (|

Suppose again that L/K is a ramified Z,-extension. In this case the ramifica-
tion groups of G (in the upper numbering) are easily identifiable. Let —1 =v_; <
v1 < vg < ... be the gaps in the filtration {G"} of G.

Proposition 3.10. Suppose L/K is a ramified Z,-extension. Let ng > 0 be the
integer such that K,,/K is the mazimal unramified extension of K. Then, for all
i > —1, we have

G"=G(nog+i+1), forv; <v < vig1.

PROOF. By induction on i, the case i = —1 being immediate. Assume it holds
for i. By Proposition 1.11, U}~ C Uy, if viy1 < ex/(p — 1), and Uy,,, =~
Uvipiter if vigr > ex/(p — 1), so that UP =~ C Uy, e, in this case. Hence
there exists an integer r (namely min(v;;1p,vi41 +ex)) such that U?, + C U, and
therefore G(ng+i+2) = (G(ng+i+1))? = (G+1)P C G", the first equality being
true by definition of the subgroups groups G(n), and the second equality being our
induction hypothesis. Conversely, if v > v;41, GV is strictly contained in GVi+* =
G(no+1+1) since v;41 is a gap; hence it must be contained in a smaller subgroup,
ie. G¥ C G(no +1i+2). We thus have the inclusions G¥ C G(no +i + 2) C G,
Vit1 < v < 7. Since r > v, G" C GY, and hence G = G(ng + i + 2), and the
induction is complete. |

Consequently, we have a nice description of the gaps in the filtration of G for
large enough indices:

Proposition 3.11. For all i such that v; > ex/(p — 1), we have viy1 = v; + ek .

ProoF. By Proposition 1.11, we have an isomorphism U, =~ Uy, tc, defined
by x +— 2P, so that U can be identified to Uy, 1er. Now G¥*1 = G(ng + i +
1) = pro/x(UL) = pr/k (U, ) = GVTeK, the first equality following from
Proposition 3.10. Hence we must show that v; + ex is a gap, i.e. that for any
e > 0, Guitexte ig strictly included in G(ng + ¢ + 1). But this is true since
G te = i1 Wastere (o) = Pt 1 (Unyine)?) C Glig +i+2) (here ne)
denotes the smallest integer > ¢). O
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Example 3.12. Let ppe be the group of all p-power roots of unity, and let Qp(tp)
be the extension of Q, obtained by adjoining jipe to Q,. The action on gy of
the corresponding Galois group G = Gal(Qy(ppe)/Q)) is given by the cyclotomic
character x : G — Aut(pp~) = Zj define by s(() = ¢X®) for ¢ € ppe and
s € G. Since the cyclotomic equation is irreducible, this map is an isomorphism.
Furthermore,

g _ | X (1+2pZ,) ifp=2,
P pp—1 X (L+pZy) if p> 2.

The p-adic logarithm maps (1 4+ nZ,) isomorphically to nZ, ~ Z, for any n > 0,
and hence we see that the Galois group Gal(Qy(up~)/Qp) =~ Z; is isomorphic to
the product A x Z,, where A ~ p, for p = 2, and A ~ p, 1 for p > 2. The
cyclotomic extenion of Q) is by definition the subfield of Q,(up-) fixed by A.

Theorem 3.13. Suppose Ko /K is a ramified Z,-extension. Let e = ex/q, be
the absolute ramification index of K. Then there is a constant ¢ and a bounded
sequence {an} such that

n

vk (DK, k) =en+c+p "an.
Before proving the theorem, let us illustrate it with a simple example:

Example 3.14. Let p > 2. Set K, = Q(up), K,y = Qp(ppn+1). We have Ko, =
Qp(ptp). Then K, is totally ramified of degree p(p™) = p"~*(p — 1) over Qp,
where ¢ is the Euler ¢-function (Serre [7], Chap. IV, §4, Prop. 17). Furthermore,

. n n_ 1)pn—1 .
using the formulas mg = mj and D, /g, = my (FDP" e obtain

(n+D)p" T —(n42)p"  _—(p—2)
my SMye

n

(n+1)p" T —(n+2)p™ _ —pntiyopn
mK . mK

©Kn/K = :DKn/Qp ’ Q}}QP =

" (p—1
m"P (p=1)

n

Thus, vk (Dk, k) = €}i/K vk, (DK, k) =p "np"(p—1) =n(p—1) =en.

PROOF OF THEOREM 3.13. By multiplicativity of the different, we may as-
sume that Ko, /K is totally ramified. By Theorem 1.13, we get

o0

(12) vk Dk, k) = €}i/KUKn Dk, k) = /_1 (1—[K,: K,N K" Y)dv.

We have [K,, : K, N K'] = Gal(K,,/K)" = (G/G(n))”" = G'G(n)/G(n), the last
equality following from Herbrand’s Theorem. By Proposition 3.10 (applied with
ng = 0 since K /K is totally ramified), we have G¥ = G(i + 1) if v; < v < v;41
(i > —1). Hence Card(G¥(G(n)/G(n)) = p" " 1ifv; <v < wvq and i < n — 1,
and Card(GY(G(n)/G(n)) = 1 otherwise, so that our integral expression becomes

n—1

vk Dk, ) = Y, (Wipr —v)(1—p™+1 7).

1=—1
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Now by Proposition 3.10, for i large enough, say ¢ > r, v;41 —v; =e. lf n > r 41,
the sum decomposes into
r—1 r—1
vk @k, k) = Y Wi —v)(L=pT) 4 Y e(l—pt)

i=—1 i=—1

r—1 n—1
en —er+ Z (Vig1 —v3) +p~ " Z (v; —vip1)p' .

i=—1 i=—1

c an

For n < r+ 1, we let 4 run up to r + n — 1 in formula (12) and subtract the
corresponding higher terms. Thus, by conveniently adding a constant term to a,
we obtain the same formula. [I am not sure whether a,, is bounded]. O

Proposition 3.15. Let G = Gal(K/K). Then H°(G, I?oo) =K.

PROOF. Let 7 be a topological generator of G. By definition, H°(G, IA(OO) is the
kernel of the the automorphism y—1. Hence it suffices to show that v—1 annihilates
K, but this now follows from Tate [9], §3.1, Prop. 7. [I did not understand his
argument. O

3.3. The action of Gal(Q,/K) on C. We keep the notations of the previous
section. Let C denote the completion of the algebraic closure of Q,. It is alge-
braically closed, by Krasner’s lemma. The Galois group G = Gal(@p /K) operates
on C by continuity.

Theorem 3.16. Suppose that K., is deeply ramified, and let H = Gal(@p/Koo).
Then H°(H,C) = Koo and H'(H,C) =0, for i > 0.
Lemma 3.17. Suppose that K, is deeply ramified and let Lo, be a finite extension

of Koo, with Galois group Goo = Gal(Loo/Koo). Let ¢ be a fized constant > 1. For
each y € Lo, there exists z € Lo, such that

[y = Tro /i (2)] < e max [s(y) — ol and || < clyl

PROOF. Since ey, /g, tends to co as n — oo, it is clear that, for every ¢ > 0,
there exists an element © € mg_ with 2| > 1+ . Since K is deeply ramified,
Tr k.. (mp.) = mg (cf. Theorem 3.2), and hence there exists an element
w € mp such that Trp _/x (w) > ¢! Let z = y-w-Trp_/k._(w)"!; then
2| < elyl|lw] < clyl and Trp__ k. (2) = Trp k. (w) ™' Y e s(y)s(w). Writing
yasy -Trp_ k. (w)™ Y cq s(w), we get

1

Y=~
Trr k.. (W)

S s(w)(s(y) — ).

s€G

Trr_ k.. (2) —

Taking absolute values, and using the fact that |s(w)| < 1, we obtain the desired
inequality. t

PROOF OF THEOREM 3.16. We first prove that HO(H,C) = C# = K. This
is an easy consequence of the previous lemma. First note that, for all n > 1, any
element of C can be written as a sum x + 7™y, where x € @p, y € Oc, and 7 is a
uniformizer of some finite extension of Q, contained in K. Fix an element o € cH
and define, for each n > 1, elements z,, and y, by =, + 7"y, = . By Lemma 3.17,
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for each element in the sequence {x,}, there is an element z, € K such that
| — zn| < ¢ maxgen |$(xn) — xpn|. Since H acts on O¢, s(zy,) — x, € 7" O for
all s € H and all n > 1, and hence |z, — z,| tends to 0 as n tends to infinity (7"y,
becomes arbitrarily small). Likewise, z,, tends tends to a as n tends to infinity and
hence so does z,. Since IA(OO is complete and z,, € K, for all n, we get a € IA{OO. [l

Theorem 3.18. Suppose K is a finite extension of Qp, and let G be its absolute
Galois group. Then H°(G,C) = K and H' (G, C) is a one-dimensional vector space
over K.

PROOF. Let K be the cyclotomic Z,-extension of K defined in Example 3.12.
Since it is ramified, it is deeply ramified by Proposition 3.9.Let G/H be its Galois
group over K, where H = Gal(Q,, Kw). By Theorem 3.16, H(G,C) = C% =
(CHYG/H = (K, )¢/H By Proposition 3.15, this is equal to K, so the first asser-
tion is clear. For the second assertion, we have the inflation-restriction sequence
(Proposition 2.2)

0— H'(G/H,K.)— HY(G,C) — H'(H,C).

The group H'(H,C) is trivial by Prop. 3.16, and H'(G/H, IA(OO) has dimension 1
over K, hence the result. [l

Given a continuous homomorphism ¢ : G — K*, we denote by C(1) the field
C endowed with the “twisted action”
5(x) = ¥(s)s(x), se€G, zeC.
Using similar arguments to the previous, we obtain the following:
Theorem 3.19. Let K and G be as in Theorem 3.18. Furthermore, let I denote

the inertia subgroup of G, and let ¢ : G — K™ be a continuous homomorphism such
that () is infinite. Then H°(G,C(v)) = HY(G,C(x))) = 0.

PrOOF. Notice first that since G is compact, 1 takes its values in the group
Zy, of units of Qy. If 1 (If) is infinite, then it contains a subgroup p"Z,, for some
n > 0. Consequently, Lo, contains a ramified Z,-extension K, of K, and the result
follows by Proposition 3.16. O






CHAPTER 2

p-adic Hodge-Tate theory

In this chapter, we introduce p-adic representations, which are finite-dimensional
vector spaces over Q,, together with a continuous action of the absolute Galois group
of some local field. We establish Tate’s theorem, relating those with a “Hodge-Tate
decomposition” to those which are “locally algebraic”. Before doing so, we con-
struct in Section 1 an important example of a p-adic representations arising from
Lubin-Tate formal groups and which will play a central role in the proof of the the-
orem. We also use this opportunity to prove the theorem of Hasse-Arf (Chapter I,
Theorem 1.9).

1. Lubin-Tate formal groups

1.1. Formal group laws. Let R be a ring. A formal group law over R is a
power series F' € R[[X, Y]] satisfying

(i) F(X,Y) =X +Y (mod deg 2);
(i) F(X.F(Y,2)) = F(F(X,Y), 2);
(i) F(X.Y) = F(Y,X):
(iv) There is a unique i(X) € R[[X]] such that F(X,i(X)) = 0;

(v) F(X,0)=X and F(0,Y) =Y.
Two power series are congruent (mod deg n) if they agree on terms of degree
strictly less that n. Note that (ii) makes sense because (i) ensures that F(X,Y)
has no constant term. Note also that conditions (ii), (iii) and (iv) together imply
conditions (i) and (iv).

Examples 1.1. (a) Let K be a local field. If R = Ok, then the maximal ideal mg
of Ok can be given the structure of an abelian group by defining © +r y = F(z,y)
(convergence is guaranteed since K is complete). We will denote this group by
F(mK)

(b) By letting FI(X,Y) = X +Y + XY in the previous example, we recover the
usual multiplicative group (1 + mg, x). This law is called the formal multiplicative
group law.

(c) Let E/K be an elliptic curve over K, given by the Weierstrass equation y? +
a1ry + azy = 23 + asx® + asx + ag, with aq,...,a6 € K. Let 7 be a uniformizer
for Ok. Then the kernel of the reduction of £ modulo 7 contained in E(K) is
isomorphic to F'(mg), where F is given by

F(X,)Y) = X+Y —a1 XY —as(X?Y + XY?)
—(2a3X3Y — (a1as — 3a3)X?Y? +2a3XY3) + ...

27
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Let F,G be two formal groups over R. A morphism f : F — G of formal
groups is a power series f € R[[T]] with no constant term, satisfying

fIF(X,Y)) = G(f(X), f(Y)).
The notion of endomorphism and isomorphism of a formal group are defined ac-

cordingly. Furthermore, the set End(F') of endomorphisms of F' may be given the
structure of a ring, when equipped with the following addition and multiplication:

(f+ro)(X) = F(f(X),9(X)),
(forg)(X) = flg(X)).

1.2. Lubin-Tate formal groups. Suppose now, and for the rest of this sec-
tion, that K is a local field of characteristic 0. In particular, K is a finite extension
of Qp, and its separable and algebraic closures coincide. Let ¢ = Card(k) > 0 be
the cardinality of its residue field k, and let m € Ok be a uniformizer. Let §, be
the set of formal power series in O [[X]] satisfying

) f(X) 7X (mod deg 2);
f(X) X7 (mod 7).

The second condition means that f(X) = X7, where f € k[[X]] denotes the reduc-
tion of f modulo 7.

Theorem 1.2. For each f € §r, there is a unique formal group law Fy for which f
is an endomorphism. This formal group law is called the Lubin-Tate formal group
over Ok for 7.

For the proof, we will need the following fundamental lemma:

Lemma 1.3. Let n be a positive integer, and let ¢(X1,...,X,) be a linear form
m Xq,..., X, with coefficients in Ok . Let f,g € Fx. Then there exists a unique
power series F € Ok|[[X1,...,Xy]] such that

F ¢ (mod deg 2)
foF Fo(gx...xg).

PROOF. To ease notation, write X = (X3,...,X,), and g = g X ... X g. By
the first condition, F' must not contain any constant term, and hence it must be
of the form F = .2 H;(X), where H; is a homogeneous polynomial of degree i.
Let F. =3 | H;(X). Then the conditions of the lemma can be restated as

o= ¢
foF. = F,og (moddeg (r+1)) forall r > 1.

So let us determine H; by induction. For ¢ = 1, we must have H; = ¢. Suppose
that for each ¢ < r, H; is uniquely determined. We then construct H,,; in the
following way. Notice first that f o F,. and F,. o g agree on terms of degree < r,
by hypothesis. Going one degree up, there might be an “error” term FE,,i, i.e.
we have fo F, = F, 09+ E,41 (mod deg (r+2)), with E,;1 = 0 mod deg (r+1).
Recalling that f(X) =X + X?(_...), we have

foFriy = fo(FytHypr) = foF+mH, i +H,, (Z...)+2FTHT+1 (Z) ,
and hence

(13) foF.y1=foF.+7H, 1 (mod deg (r + 2)).
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On the other hand, we have

H, 09 = Z ci H g(X;)™ = Z cim Tt H X3V + (terms of degree > r + 2)
=1 i

i j=1

Hence, H,y1 0g = 7"t H, 1 (mod deg (r+2)), and together with the identity
Fri109=F.og+ H,110g, we deduce

(14) FTJrl °g= Fr og+ 7TT+1HT+1 (mOd deg (r+2))
Combining the identities (13) and (14), we have that
_Er+1
Hrr = — 50

is the unique choice of H,y; which works. Thus it remains to prove that H, i1
indeed is a polynomial with coeffiecients in Ok, i.e. that E,1; = 0 (mod ).
But f and g are congruent to X? mod 7, so E,y; = fo F.(X)— F.o0g(X) =
F.(X)?— F,.(X9%) =0 (mod 7). Thus we have an explicit construction of F, which
is unique; this completes the proof. ([

PROOF OF THEOREM 1.2. By Lemma 1.3, applied with n = 2, ¢(X,Y) =
X+Y and f = g, it suffices to show that the unique power series F; that we obtain
is indeed a formal group law. We first show associativity: by definition, we have

Fi(Fp(X,Y),Z) = X+Y + Z (mod deg 2)
Fr(Fy(f(X), F(Y)), f(2)) f(EF(Fp(X,Y), Z2)).

The same holds for Fy(X, F¢(Y,Z)), and hence the unicity part of the lemma
shows that Fy(Ff(X,Y),Z) = Fy(X,F(Y,Z)). The same argument applies for
F¢(X,0) and X, showing the existence of the neutral element. Commutativity
and congruence mod 2 is obvious, and, as noted above, the existence of inverse
is automatic. Hence F} is the desired unique formal group law for which f is an
endomorphism. (I

We have a dual result:
Proposition 1.4. Let f € §x, and let Fy be the corresponding formal group law.
Then for all a € Ok, there is a unique endomorphism [a)y € End(Fy) satisfying
[alf(X) = aX (mod deg 2)
lalfof = [fold.
[Of course, when a = m, this endomorphism is f itself.]
ProOOF. By Lemma 1.3 withn =1, ¢(X) = aX and f = g, we immediately get
existence and uniqueness of [a] . Since Fy([a]¢(X),[a]f(Y)) and [a]f(F¢(X,Y)) are

congruent to aX +aY (mod deg 2) and commute with f, they must be equal, again
by the uniqueness part of Lemma 1.3. Thus [a]f is an endomorphism of FY. O

Example 1.5. If K = Q,, m = p, then the formal power series

f(X):(1+X)P—1:pX+@)X2+...+XP
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verifies conditions () above. It is an endomorphism of the formal multiplicative
group law F(X,Y) =X +Y + XY since F(f(X),f(Y)) =1+ X)P(14+Y)P—-1=
f(F(X,Y)). On the other hand, for any a € Z,, the formal power series

oo

_ a T a

[a] /(X)) = Z (Z)X =(1+X)"—1.
i=1

is the unique endomorphism of F commuting with f, and whose derivative at the

origin is a.

Proposition 1.6. The map ¢ : Ox — End(Fy), a — [a]f is an injective ring

homomorphism.

PRrOOF. We use the same technique as above to show that ¢ is a homomor-
phism. Namely, one readily verifies that [a + b]; and Fy o ([a]f % [b]f) are congru-
ent to (a + b)T (mod deg 2), and commute with f, and hence must be equal by
Lemma 1.3. In the same way one obtains [a - b]; = [a]f o [b]f. Injectivity of ¢ is
clear since [aly = aX (mod deg 2). O

A Lubin-Tate formal group Fy together with the homomorphism ¢ of Propo-
sition 1.6 is called a formal Ok -module for m. If we pick group elements in m, the
maximal ideal of the ring of integers of @p, we obtain an Og-module, in the usual
sense, by setting t +y =z +ry = Fr(z,y) and a - = [a]f(z), z,y € M, a € Ok.
Actually, this module depends solely on 7:

Proposition 1.7. Let f,g be elements of §r. Then the corresponding formal
groups Fy and Fy are isomorphic.

PROOF. Let [a]f,4 be the unique solution of [a],4(X) = aX (mod deg 2) and
falf,g(X)) = lalf,g(g(X)). Applying the arguments of the proof of Proposi-
tion 1.6, one sees that [a]f, is a homomorphism of Fy into F,. If a is a unit
in Ok, then [a]f, is invertible (with inverse [a™!]y,), and thus [a]s, gives an
isomorphism between F; and F. O

1.3. The abelian representation associated to a Lubin-Tate formal
group. Fix a uniformizer # € Ok and a formal power series f € T, and let
Fy € Ok|[[X,Y]] be the correponding formal group law, viewed as a formal Og-
module. Let m be the maximal ideal of the ring of integers of Q,,, and let ¢ be the
cardinality of the corresponding residue field. Let E7 be the kernel of [1™]f, i.e.
the set {x € m | 7" - @ = 0}; since all its elements are killed by 7"O, E} is also
an Ok /7" Ok-module. We first have a general fact:

Lemma 1.8. Let R be a ring, and M an R-module. Let v : M — M be a

homomorphism, and let M,, be the kernel of the composition ) o ... o0, n times.
If o is surjective, and if My has cardinality q, then M, has cardinality q™.

PRrROOF. By induction on n, the case n = 1 being clear. Since v is surjective,

we have an exact sequence 0 — M; — M, 2, M,,—1 — 0. By hypothesis, M; and
M,,_1 have cardinality ¢, resp. ¢" ', so M,, has cardinality ¢". O

Proposition 1.9. For each n > 0, the Ok /7" Ok -module E% is free of rank 1.
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Proor. Let F' = Fy. By Proposition 1.7, we may without loss of generality
choose f(X)=nX 4+ X9 = [r];(X). This polynomial is separable, and hence has
q solutions, which belong to m. Indeed, if « is a root, then either a = 0, in which
case v(a) = 400 (here, v denotes the valuation on Q,), or v(z) = 1/(¢ — 1) > 0.
Hence Ef = ker f has cardinality g.

Now let f(™) = fo...o f be the composition n times, and notice that E} =
ker (™). We want to show that [r] : F(m) — F(m) is surjective. So let a € F(m),
and let a be a solution to the equation 7X +X?—a. Clearly, [r]y is surjective if and
only if a belongs to F'(m). But we have 0 < v(y) = inf(v(a) + 1, qu(e)) < qu(a),
ie. a € F(m). Applying Lemma 1.8 with R = O, M = F(m) and f = [7]y,
we conclude that EF has cardinality ¢". Let a € E;}\E;}_l. Multiplication by «
defines an Ok-module homomorphism Og — E;} with kernel 7Ok . The result
follows by comparing cardinalities. O

The Tate module Ef of F is the torsion submodule of F(m), that is,

o0
Ef =lmE} = | J E}.
n=1
Applying Proposition 1.9, and passing to the limit, we obtain the following charac-
terization of Ey:

Corollary 1.10. The Tate module E; is isomorphic, as an Ok -module, to K/Ok.

Let Uk denote the group of units of Ok . Recall (Chapter I, Prop. 1.10) that we
have isomorphisms Uy /UR ~ (Ok /mg)* for all n > 1. Hence, by Proposition 1.9,
we get:

Corollary 1.11. For each n > 1, the map ¢ : a — [as induces isomorphisms
Ok /7"Ok ~ End(E}) and Uk /Ug ~ Auto, (E}).

Let K7 = K(E}), and let K = |J K7. This is an extension of K with Galois
group Gal(Kr/K) = lim Gal(K7 /K).

Proposition 1.12. For each n > 0, the extension K /K is abelian, totally rami-
fied, of degree ¢"~'(q—1), and its Galois group is isomorphic to Uy /U%. Further-
more, if « € EPM\E""Y, then K = K[a], and « is a uniformizer.

PROOF. As in the proof of Proposition 1.9, choose f(X) = 7X + X9. Let
a € E}Z\E}Z*l, and define ¢,,(X) = f™(X)/f™=Y(X). One readily verifies that
én is an Eisenstein polynomial of degree ¢"~1(q — 1), and that ¢,,(a) = 0. Hence
K(a)/K is totally ramified of degree ¢"~!(¢— 1), and « is a uniformizer (Serre [7],
Chap. I, §6, Prop. 17).

We have amap ¢ : Gal(K/K/K) — Aut(EZ), which maps s € Gal(K"/K/K)
to its restriction s|gn to EJ. Since K} is generated by E}, this map is injective.
But Card(Gal(K?/K/K)) > [K(«a) : K] = Card(Ug /U}) = Card(Aut(EL)), the
last equality following from Lemma 1.11. Thus ¢ is bijective and the extension
KI/K is abelian. Finally, K(a) C K(EZ), and [K? : K] = [K(a) : K], so that
K" = K(a). O

Hence Gal(K/K) = lim Gal(K}/K) ~ lim Uy /Uy ~ Uk, and consequently:
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Corollary 1.13. The extension K, /K is abelian, totally ramified, and its Galois
group is isomorphic to Uk .

Now let L, = K" K,, where K™ is the maximal unramified extension of
K; since K™ and K, are linearly disjoint, we have Gal(L,/K) = Gal(K,/K) x
Gal(K™"/K). Let m and w be uniformizers of K with w = ur for some unit v € O3.
Let f € §r and g € §,,, and let ¢ be the Frobenius automorphism of Gal(K""/K).
Let A be the ring of integers of K*". We will need the following:
Proposition 1.14. There exists a power series ¢ € A[[X]] with p(X) =eX (mod
deg 2), for some € € A*, such that

(a) o =po[uly;

(b) poFy=1Fyo(pxp);
(c) wolalf =[algop foralla € A.

[Hence ¢ is an A-module isomorphism of Fy into Fy.]

Lemma 1.15. Let A be the ring of integers of Kvr. The sequences

o—1

0 Ok A A 0

o/id

1 o) A* A* 1

are exact.

PROOF. Let B be the ring of integers of K", and let mp be its maximal ideal.
The residue field B/mp is an algebraic closure k of k. By passage to the limit, it
suffices to show that the sequence

() 0 — O /ml — B/mlk =5 B/m} — 0
is exact. We prove it by induction. For n = 1, the sequence is
0—k—k T L% 0,
which is clearly exact. Now suppose that (%) is exact. We may apply the snake
lemma to the following diagram with exact rows

0 —— B/m} — B/m'y™ — B/mp ——0

lo—l lw:o—l lo—l

0 —— B/m} — B/ms™ — B/mp ——0.

Together with the hypothesis that (x) is exact, this proves that Card(ker ¢) = ¢"*1.

However, ker 1 contains Ok /m’;{H, and by comparing cardinalities, this implies

that 0 — O /mi — B/myH N B/m'itt — 0 is exact, completing the
induction argument. Exactness of the second sequence follows immediately. O

Lemma 1.16. There exists a power series p € A[[X]] with (X) =eX (mod deg
2), for some € € A*, verifying condition (a) of Propositon 1.14.

PROOF. We construct ¢ by successive approximation. That is, we construct a
sequence (a;) of elements of A such that the polynomial ¢, (X) = a1 X + a2 X? +
...+ b, X™ verifies condition (a), that is,

(%) oYn = Pnoluly.
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By Lemma 1.15, there exists ¢ € A* verifying o = ue. So for n = 1, we choose
ay = ¢, and (x) clearly holds. Suppose now that ¢, has been constructed. Let
b € A be such that ¢, o [u]f — o, = bX"! (mod deg r+2), and let ¢ € A be such
that oc — ¢ = b/(eu)" 1. If we choose a, 41 = ce"!, a small computation shows
that ¢, 11 verifies (x). By induction, the map p(X) =X +asX?+...+a, X" +...
verifies condition (a). O

Lemma 1.17. In Lemma 1.16, we may choose @ such that g = op o fo ™!,

PROOF. Let h =0po fop ! Then h = pofulfofop™' =pofolulfop

Since f and [u] have coefficients in O, it follows that oh = opo folu]foop™t =
opo fop t =h. Hence h € Ok[[X]]. Moreover, h € §,, where p = (oe/e)r.
Recall that [a], , denotes the unique solution of [a]y (X)) = aX (mod deg 2) and
9([alg,n (X)) = [a]g,n(h(X)). Now let ¢ = [1]g.5. Then oo f oo@ = g, and ¢ also
verifies the conditions of Lemma 1.16. g

PRrROOF OF PROPOSITION 1.14. Let ¢ be as in Lemma 1.17. Using the unique-
ness part of Lemma (recall the technique used in the proof of Theorem 1.2), we
have

poFi(p ™t x o ) =F, and polalf =lalgop, YaeA.
Hence, ¢ verifies condions (a)-(c). O

Now let 7 : K* — Gal(L,/K) be the homomorphism satisfying:

(i) 7x(m) is the identity on K and the Frobenius automorphism on K™, and
(ii) If u € Uk, then r.(u) is equal to [u™']f on K, and the identity on K™".

Proposition 1.18. The homomorphism r. is independent on the choice of uni-
formizer w.

PROOF. Let w = um be another uniformizer (v a unit), and let f € Fx, g € Fo-
Notice that it suffices to prove that r, and r, coincide on uniformizers only, since
these generate the multiplicative group K*; i.e. we must show that 7, (w) = r,(w).
Clearly r,(w) and r,(w) both induce the Frobenius automorphism on K™". Hence
it suffices to prove that r,(w) is the identity on K. Let o € E,, and 3 = ¢~ (a),
where ¢ is the map of Proposition 1.14. Set s = r;(w) = rx(u) - 7 (7). Since the
coefliciens of ¢ are contained in K ™ it follows by Proposition 1.14 that s = op =
poluls. Then s(a) = s(¢(8)) = s¢(s(8)) = (wolelyolu~1];)(1) (using the defining
properties of r, on units and on 7). This is readily seen to be equal to «, which
completes the proof. O

The map r, : K* — Gal(L,/K) is called the local reciprocity map.
Proposition 1.19. L, is the mazimal abelian extension K of K.

PROOF. Let I = Gal(K%/K"") and I’ = Gal(L,/K"") be the inertia sub-
groups of the extensions K% /K, resp. L,/K. Since K, and K" are abelian and
linearly disjoint, it follows by the identity Gal(L,/K) = Gal(K,/K)x Gal(K™"/K)
that L is contained in K. Consequently, we have a surjection I — I’ induced by
the quotient map Gal(K%/K"") — Gal(L./K"") (Serre [7], Chap. I, §7, Prop. 22
applied to the tower K% /L. /K). Since r,(Ug) fixes K™, we have a surjection
rr : Ux — I. Hence we obtain a sequence of surjective maps

Ug » 11T
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Furthermore, Ux and I’ are isomorphic by the map u — u ™!, so that the above
groups are all isomorphic. In particular, Gal(K%/K™) = I ~ I' = Gal(L,/K""),
and since K and L, both contain K™, we get K =p._. O

Example 1.20. Let K = Qp, @ = p, and let f = (1 + X)? — 1 of Example 1.5.
Then E¢ = ppe, the group of all p™’th roots of unity n > 0, and K, = Qp(tp<).
The maximal unramified extension of Q, is the field K" = Qp" generated over
Q, by the roots of unity of order prime to p (Serre [7], Chap. IV, §4). Then the
compositum L, = Q¥ = Qp(pp~) - QU", consisting of the adjunction to Q,, of all
roots of unity, is the maximal abelian extension of Q,.

1.4. Application: the theorem of Hasse-Arf. In Chapter I, Section 1.2,
we defined, for a Galois extension L/K, a filtration (Gal(L/K)") of the Galois
group Gal(L/K). We now consider the case when such an extension is abelian.
More precisely, we prove that the gaps in the filtration only occur at integral points.

Let L, = K™ K, be the maximal abelian extension of K constructed in the
previous paragraph, and let G, = Gal(L,/K) be its Galois group. Furthermore,
let r = rp : K* — G, be the local reciprocity map constructed in the previous
paragraph.

Theorem 1.21. For any real number v > —1, r=1((G)") = Uk, where i is the
smallest integer > v.

PROOF. We prove the theorem for the extensions K only, i.e. for Gal(K2?/K).
Indeed, by passing to the projective limit, the theorem will be true for Gal(K,/K),
and since G = Gal(K™" /K ) x Gal(K/K), the general case will follow.

Let G = Gal(K"/K), and let 7, : K* — G be given by u — [u"!]; (with f
an element of §,). Fix an integer i < n. Let u € U \Ud", and let s = 7, (u). If
a € E}Z\E}Z*l, that is, if [7"](a) = 0 and [7" "1 ¢(a) # 0, then s(a) = [u™ ().
Let ' € Uk such that = = 1+ 7%/, Then s(a) = [1 + 7u/|(a) = [1](a) +F
[m'u/](e) = Fy(a, B), where 8 = [r'u']¢(«), and where Fy is the formal group law
associated to f. Hence

s(a) —a=p+ Y a0 ¥, a;; € O.
i,5>1
Let i(s) = vgn(sa—a). By Proposition 1.12, o and 3 are uniformizers for K7', resp.
K2~ and K7/K2~" is totally ramified. Furthermore, vgn (8) < vgn (a;;a'37) for
all 7, 5. Hence
i(s) = vkp(B) = [K : K3 '] =¢".

Thus, if u € Ui \Ui ', then i(r,,(u)) = ¢*. Equivalently (cf. Chapter I, Section 1),
if ¢7' -1 < w < ¢* — 1, then r,;}(Gy) = Uk, Gy denoting the ramification
group in the lower number defined in Chapter I. Let ¢ be the function defined in
Chapter I, Section 1.2. If i — 1 < v < 4, then ¢'~' — 1 < 9(v) < ¢ — 1, and thus
r(GY) = 1Y (Gyw)) = Uj, which completes the proof in the case of K7, and
thus also in the general case of L. O

Remark. If we drop the assumption that the residue extension k,/kk is separable,
a weaker version can be obtained, namely that the image of U} in G? is dense; see
Serre [7], Chap. XV, §2, Th. 2.
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By Proposition 1.19, L, is the maximal abelian extension of K, and thus we
may pick any subextension of K contained in L, and obtain:

Corollary 1.22 (Hasse-Arf). Let L/K be a finite abelian Galois extension with
Galois group G. Then the gaps in the filtration (G?) only occur for integral values

of v.

2. p-adic Hodge-Tate representations

We suppose now, and for the rest of this chapter, that K is a local field of
characteristic 0 with residue field k of order ¢ > 0. Let G = Gal(Q,/K) be its
absolute Galois group, equipped with the Krull topology. Let V be a finite dimen-
sional vector space over Q,, and denote by Aut(V') the group of Qp-automorphisms
of V.. A p-adic representation of G is a continuous homomorphism

p: G — Aut(V).
Example 2.1. 1) Let p,n denote the group of p™’th roots of unity, and let T, =
lim(44pn ) denote the group of all p-power roots of unity. Let V), = T}, ®z, Qp; it is

a one-dimensional vector space over Q,. The group G acts on p,», and hence also
on T}, and on V,. This action defines a one-dimensional p-adic representation of G,

X:G—Z, CQ,=Aut(V,),

the cyclotomic character of G (Chapter I, §3.2, ex. 3.12). Recall that this is the
map tracking the action of G on p-power roots of unity:

s(z) = xX(S), s € G, x € ppn, some n > 0.

2) Let E be an elliptic curve over K (or more generally, an abelian variety). Simi-
larly to the case of formal groups, we let E™ denote the group of p"-torsion points
of £, and define the Tate module T),(E) as the projective limit lim E™. It is a free
Zy-module on which G acts. This action extends to V,(E) = T,(E) ®z, Qp, and
the corresponding homomorphism p : G — Aut(V},) is a p-adic representation of G.

Let C = @p denote the completion of the algebraic closure of Q,, and let X be
a finite dimensional vector space over C on which G acts continuously and semi-
linearly (i.e. s(cz) = s(c)s(z) whenever s € G, ¢ € C, x € X). For each integer 1,
we define the quantities

X; = {ze X |s(z)=x(s)'z for all s € G};
X)) = CorX;.

The action of G on X (i) is given by s(c® z) = s(c) ® s(x). Let a; : X (i) = X
be the C-linear map obtained by extending the natural inclusion X; — X.
Proposition 2.2. The direct sum o = @0 : @, X (i) — X is injective.
_____ n; be an F-basis of X;. Suppose that « is

not injective. Then there exists at least one family (c;;) of elements in C, not all
zero, such that

Z Z Cij€i5 = 0.

i j=0
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Among these families, choose one with fewest non-zero element, and denote the
corresponding sum S. Without loss of generality, we may assume that c;,;, = 1 for
some pair (ig, jo). If s € G, then we have

(x(s)° = )8 => > (cijx(s)™ — s(cij)x(s))ei; = 0.
i j=0
This sum has strictly less terms that S, since the ig’th term cancels out. By
our minimality assumption, this relation must then be trivial, that is, c;; x(s)io —
s(cij)x(s)! = 0, or equivalently, ¢;; = x(s)*"%s(c;j). Hence, ¢;; € C(x'~%)¢,
C(x*~%) denoting C with the “twisted action” defined in Chapter I, §3.3. But by
Theorems 3.18 and 3.19 of Chapter I, C(x'~%)% = HO(G,C(x"%)) is K when
i =19, and is trivial when i # iy, and thus S is reduced to the non-trivial relation

’I’LiD
Z Cigj€ioj = 0,
j=1
contradicting the linear independence of the basis elements {e;,;} of Xj,. (]

Proposition 2.2 allows us to identify @, X (i) with a subspace of X. If this
subspace is the whole of X, that is, if o : @; X (i) — X is an isomorphism, then X
is said to be of Hodge-Tate type. Given a p-adic representation p : G — Aut(V),
we may take

XZ(C@QPV

and let G act on X by the formula s(c ® ) = s(c) ® p(s)(z), s € G,c € C,z € X.
We then say that p is of Hodge-Tate type is X is of Hodge-Tate type.

3. Local algebraicity; Tate’s Theorem

We keep the notations of Section 2, and will now be interested in the case where
p: G — Aut(V) is a p-adic abelian representation.

3.1. Locally algebraic representations. Let G = Gal(K/K), and sup-
pose that p : G% — Aut(V) is an abelian p-adic representation with V simple. Let
Ik be the inertia subgroup of G = Gal(Q,/K); it acts on V through p, so that V
may be viewed as an Ix-module.

Lemma 3.1. Suppose that V is a simple Ix-module and that p(Ix) is abelian.
Then there exists a finite extension L of Qp, with the action of Ix given by a
continuous character ¢ : Ix — L*, such that we have an isomorphism of Ik -
modules

V ~L.

PRrOOF. This is a simple application of Wedderburn’s Theorem. Indeed, let
R = Qulp(Ik)], and view V as an R-module. By Schur’s Lemma, since V is a
simple R-module, D = Endr(V) is a division ring. Furthermore, V is a faithful
R-module, and hence by Wedderburn’s Theorem, R ~ M,, (D), for some n > 1. By
assumption, R is commutative, so n = 1, and consequently R ~ D so V ~ D as
Ix-modules. Put L = D. Now L is a finite extension of Q,, and the action of Ik
on L is given by ¢ : Ix — Endgr(L) ~ L*, which completes the proof. d
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Let r : K* — G be the local reciprocity map defined in Section 1.3. As
described in the proof of Proposition 1.19, » maps the units Uy of K isomorphically
into the inertia subgroup I of G®. Composing this map with the character
p: I}‘(b — L* of Lemma 3.1 gives rise to a homomorphism

5 Uy UK, ANy

Suppose that the extension L is large enough to contain all conjugates of K, and

denote by X the set of embeddings K < L. The representation p is said to be
locally algebraic if there exist integers n,, o € Xk, such that

p)= [ o)
oEX K
whenever x is sufficiently close to 1.
If V is semi-simple, say V = @, V;, then p is said to be locally algebraic if
each representation V; is locally algebraic.
Theorem 3.2 (Tate). Let p : G — Aut(V) be an abelian p-adic representation,

such that its restriction to the inertial subgroup I of G is semi-simple. Then the
following are equivalent:

(i) p is of Hodge-Tate type.
(ii) p is locally algebraic.
The remaining part of this section will be devoted to the proof of this theorem.
Remark. We make the requirement that the representation be semi-simple on the

inertia subgroup because Serre does. In fact, in his original definition via algebraic
tori, this property is intrinsic (Serre [6], Chap. III, §1, Prop. 1).

3.2. Extension of the ground field. Let K’ be a finte extension of an

unramified extension of K, and suppose K’ is contained in Q,. Let K’ be the

completion of K’ in C. The group Gal(@p /K') acts continuously and semi-linearly
on C. Define

X! {z € X | s(z) = x(s)'x for all s € Gal(Q,/K")};
X(i) Cog X|.
Theorem 3.3. For all i, the map
K' ®k X; — X,

18 an isomorphism of K'-modules

PROOF. It suffices to prove the theorem for ¢ = 0. Indeed, we recover the
general case by letting G act on X by (s,z) — x(s) tsz. Now Xo, resp. X{, is the
set of elements of X invariant under the action of Gal(Q,/K), resp. Gal(Q,/K’).
Clearly the K/ ®x Xo — X is injective since, by Proposition 2.2, the map C® g Xo
is injective. It remains to prove surjectivity. But since K’ is a finite extension of
an unramified extension of K, it suffices to prove it for K’/K finte, respectively
unramified.

So suppose that K’'/K is finite Galois, and let G’ be its Galois group. The
group Gal(Q,/K’) acts trivially on X{, and hence Gal(Q,/K) acts on X{, through
the finite quotient G’ which acts semi-linearly on X|. Let eq,...,e, be a basis for
X{,, viewed as a K'-vector space, and let f : G’ — GL,(K') be the continuous
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1-cocycle which to each s € G’ associates the matrix f(s) € GL,(K’) of s in this
basis. Explicitely,

n
s(ej) = Zaij(s)ei, aij € K/,
=1

and we set f(s) = (a;;(s)). Notice that if we change basis, say by a base-change
matrix M, the corresponding matrix of s is f(s) = M~ f(s)s(M), so that f and
f are cohomologous in H'(G’, GL,,(K")). Now by the non-commutative version of
Hilbert’s Theorem 90 (Chapter I, Th. 2.3), f is cohomologically trivial, i.e. there
exists g = (g;5) € GL,(K’) such that g = f(s)s(g) for all s € G'. Now the elements
e = S bijej, j =1,...,n, form a new basis for X/ and are clearly invariant
under G’. Hence they belong to Xj, and consequently the map K' @K Xo — X| is

surjective, completing the proof in the finite Galois case.

Suppose now that K'/K is unramified Galois, and again let G’ be its Galois
group. Let A be the ring of integers of IA(', and let A ben an A-lattice of X{. The
group G’ acts continuously on X{;, and hence the stabilizer in G’ of A is open (for the
Krull topology) and therefore of finite index. We may therefore form a finite sum
A% = %" s(A) running over the elements of the stabilizer of A. This sum is then
invariant under the action of G’. We now use the same argument as in the finite
case. Namely, by picking a basis eq, . .., e, of AY, we obtain a continuous 1-cocycle
f: G — GL,,(A) obtained by assigning to each s € G the matrix f(s) € GL.,(A)
of o in this basis. Now if we can prove that H!(G,GL,,(4)) is trivial, we may
complete the proof in the same way as in the finite case.

Claim. H*(G,GL,,(A)) = {1}.

PROOF. The idea is to pass to the quotient in order to reduce to a finite case,
where Hilbert’s Theorem 90 can be applied. So let m be a uniformizer for A, and
define a filtation {R,} on the ring R = GL,,(A) by setting R, = {x € R | a =
1 (mod 7™)}. Notice that R/R; ~ GL,,(k’), where k' = A/(m) is the residue
field of A, and that for n > 1, R,,/Rp4+1 ~ (M, (k'),+) (the determinant can now
vanish). Now G acts on A/A; and A,, /A, 1 through a finite quotient, and hence by
Hilbert’s Theorem 90 (Chapter I, Th. 2.3), HY(G, A/A;) = HY(G, A, /A1) = {1}.
By successive approximations, the result follows. O

This completes the proof in the finite Galois, resp. unramified Galois cases.
The general case is obtained by the up-down argument. O

Now X (i) = Co®p, X] ~C®g, IA(’®KX¢ = C®xk X; = X(i), and consequently:

Corollary 3.4. The Galois modules X (i) and X'(i) are isomorphic. In particular,
extending K to K' does not alter the Hodge-Tate property of X .

3.3. Admissible characters. We keep the notations of the previous sections.
A character ¢ : G — K* is said to be admissible if there exists a non-zero element
2 € C such that
o(s) = s(x)/z, forall seq.

If this is the case, we write ¢ ~ 1. We obtain an equivalence relation by writing
p ~ ¢ if p/¢’ is admissible. Let C(¢) denote C together with the “twisted” action
of G given by

(s,2) — @(s)s(z), sed, xzeC.
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We denote this twisted action by s,. It is easy to see that

p~ ¢ = Clp) ~C(y¥),
the isomorphism being understood as an isomorphism of G-modules. Indeed, if
X : C(p) — C(¢’) is such an isomorphism, then p(s)A(1) = A(p(s)-1) = A(s,(1)) =

s A1) = ¢'(s)s(A(1)) so that ¢/¢'(s) = s(A(1))/A(1). Conversely, if ¢/¢'(s) =
s(z)/x for all x € G, then the map A : C(p) — C(¢’) defined by A(y) = yz is
readily seen to be an isomorphism if G-modules.

The following proposition shows that admissibility is a local property. It is a
direct consequence of Theorem 3.3.

Proposition 3.5. Suppose there exists an element x € C* such that ¢(s) = s(x)/x
for all s in some open subgroup N C Ix. Then @ is admissible.

PROOF. Let K'/K be the subextension of Q,/K corresponding to N C Ix =
Gal(K™ /K); it is a finite extension of the maximal unramified extension of K. Let
X = C(p). As previously, let Xo, resp. X{, be the set of elements of X fixed by
G, resp. N. We have X|, # 0 by hypothesis, so by Theorem 3.3, X # 0; hence ¢
is admissible. d

We now define a second equivalence relation on characters ¢, ¢’ : G — K* by
p=¢ < ¢|ny =¢'|ny for some open subset N of Ik.
Then, by picking = = 1 in Proposition 3.5, we obtain:
Corollary 3.6. If p =1, then ¢ ~ 1.

3.4. The logarithm map. Let v be the valuation on C, and let m, resp. U,
denote the corresponding maximal ideal and unit group. The group of Teichmiiller
representatives can be identified with the units & of the residue field of C (cf.
Serre [7], Chap. II, §4, Prop. 8), and we have the decomposition:

U=U'xk .
The logarithm map log : U — C is defined by

log(z) = 0 if x € pg—1
BT o, (—ynr et g e

n=1
Lemma 3.7. Let F' be a finite extension of Q,. Let Ur, resp. mp, denote the
group of units of F', resp. the maximal ideal in the ring of integers of F. For n
sufficiently large, we have an isomorphism

. n ~ n
log : Up — mp
with inverse exp.

PRroor. Let v, resp. vr, be the normalized valuation on Q,, resp. F, and let
er be the ramification index of F//Q,. Every integer n > 1 has the form n = p®u,
where (p,u) =1 and a > 0. Then

vp(n)  a a 1

= < < .
n—1 pu—1"p*—1"p—-1
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Furthermore, if € Up and vp(z —1) > ep/(p—1), then v,(z —1) > 1/(p—1) and

hence
vy (u) —Up(x—1)>(n—1)( ! —M> > 0.

T p—1 n-1
Hence vp(log(z)) = vp(x — 1), and for n > e/(p — 1), log(UE) C m%. In the same
manner, one shows that v,((z — 1)™/n!) > 0, so that vp(exp(z — 1) — 1) = vp(z),
and hence that for n > ep/(p — 1), exp(m%) C UZ. Furthermore, the standard
identities of formal power series show immediately that log(exp(xz — 1)) = 2 —1 and
that exp(log(z)) = . This completes the proof. O

The map log : U — C is surjective, with kernel the group g of all roots of
unity, so we have an exact sequence

0= fioe — U 225.C — 0,
which in turn gives rise to the exact sequence in cohomology,
HY(G, poo) = HY(G,U) 2 HY(G,C).
On the other hand, since the valuation ring of C is Q, and since U by definition is
the kernel of the corresponding valuation map, we get an exact sequence
(%) 1-U—-C"-Q—1.

By Theorem 3.18 of Chapter I, we have H(G,C*) = K*. Furthermore, Q C Q,,
and hence G acts trivially on Q so that H°(G,Q) = Q. In particular, all cocycles
f : G — Q are zero, and hence H'(G,Q) are trivial. Therefore, the long exact
sequence in cohomology corresponding to (*) reduces to K* — Q — HY(G,U) —
HY(G,C*) — 0, or equivalently, since vg (K*) = Z,

0—0Q/z% HY(G,U) L HY(G,C*) — 0.
Proposition 3.8. There is a unique injective map L : H'(G,C*) — H(G,C)
such that Lo j = \.
PRrROOF. Existence and uniqueness follows from the fact that the composition
Q/Z % HY(G,U) 2 HY(G,C) is be zero (since HY(G, C) is a vector space over C,
so that the only homomorphism of Q/Z into H'(G, C) must be 0). So it remains to

prove injecvity of L. By combining the above sequences in cohomology, we obtain
a commutative diagram

H'(G,C)
A
1 J 1 /
H (G, pec) = H (G, U) L
J
HY(G,C").

We have 0 = Aoi = Lo joi, and hence L is injective if and only if the composition
joiis 0. However, o, C Q;, so j o factors through H(G, Q;), which is zero by
Hilbert’s Theorem 90 (Chapter I, Cor. 2.4), and hence joi = 0. O

Let us apply this result to characters. A continuous character ¢ : G — K* C
C* defines a 1-cocycle on G with values in C*. Let [¢] € H'(G,C*) denote its
cohomology class. Suppose ¢ is a cohomologically trivial cocycle in H'(G,C*),
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say the constant map equal to 1 on G. Then if ¢ is admissible, we have p(s) =
s(x)x~! = s(x)p(z)z~, i.e. ¢ and ¢ are cohomologous:

p~1 <= [p] =0.
Using the fact that L is injective, we can say more:

Corollary 3.9. The character ¢ is admissible if and only if L] = [log ¢] is trivial
in H(G,C).

And since L[p™] = nL[p], we get:
Corollary 3.10. If o™ ~ 1 for some integer n > 0, then ¢ ~ 1.

3.5. Locally trivial characters. Let F be a finite extension of @@, such that
K contains all conjugates of F'. Let Gp = Gal(@p /F) be its absolute Galois group,
and let X be the set of embeddings of F into K. Let ¢ : G — F* be continuous
character. Composition with an embedding ¢ € Y gives rise to a new character
ooy of G into K*.

Proposition 3.11. The following statements are equivalent:

(i) p=1;
(ii) cop ~1 for all o € Xk.

PROOF. Let N be an open subgroup of the inertia group Ix of G. If ¢ |y=1,
then oo ¢ |y= 1 for all ¢ € ¥k, and the implication (i) = (ii) follows from
Corollary 3.6. For the converse, notice first that ¢ is a continuous map on a compact
group, and hence takes its values in Ux. Hence, the composition logoy : G — F'is
well-defined. Moreover I is closed in G since it is the preimage of 0 € Gal(k/k)
via the natural map G — Gal(k/k) (k and k denoting the residue fields of Q,,
resp. K). Since G is compact, so is Ix. Hence, logop(Ik) is a compact subgroup
of the additive group of F (the multiplicative structure of Ur being brought to
the additive one in F), and so it is isomorphic to Zj for some n > 0. Let W
be the n-dimensional Q,-vector subspace of L generated by logop(Ik); since F'
is quasi-compact, logop(Ik) is a lattice in W. Furthermore, since log is a local
isomorphism by Lemma 3.7, condition (i) is equivalent to saying that log oy is 0 on
Ix. We suppose that this is not the case, i.e. that n > 1. Let

f:F—-K

be a Qp-linear map with dim f(W) = 1. For instance, if we pick a basis of W and
extend it to a basis of F', we obtain such a map by sending the first basis element
to a non-zero element of K, and all remaining basis elements to 0. By linear
independence of characters, (Bourbaki [1], Chapt. V, §10, Th. 2), X generates
Homg, (F, K), and hence f can be written as the sum

f=Y ko, ko €K,
oEYX K

and hence fologop = (X k,0)ologop = X k, log(oop). By assumption, [coy] =0
and so by Corollary 3.9, [log(c o )] = 0. Consequently, [f o logop] = 0. By
Lemma 3.7, we have, for n large enough and for x € m';,

exp(log(l+x)) =1+ and log(exp(x))= .
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By replacing f by p” f, with N large enough, we may assume that p” folog(Ug) C
m’, and hence obtain a well-defined map g : Ug — Uk,

9(z) = exp(f(log(2)),
which satisfies logog = f olog. Set ¢ = go ¢. Then f ologop = log(®), and
by Proposition 3.9, v is admissible. But now ¢(Ix) is the product of Z, with a
finite group, hence infinite, and by Proposition 3.19, C(¢)¢ = 0. However, 1 is
admissible, so C(¢)) ~ C. Then by Theorem 3.18, C(¢))® = C% = K # 0, hence a
contradiction, as desired. [l

3.6. Hodge-Tate decompositions. Let V be a one-dimensional vector space
over F, and let p : G — Up be a continuous homomorphism of G = Gal(Q,/K)
into the unit group of F. We give V the structure of a G-module by means of the
action (s,v) — p(s)v, s € G,v € V. As previously, put

XZ(C@QPV.

Let d = [F : Qp] denote the dimension of X over C, and endow C with the semi-
linear action of G. Define a representation F' — Endc(X) by z — a,, where a, is
the C-endomorphism of X given by

az(Zci(Xwi):Zci@zvi, ¢ €Cv;eV.

IfseGrand x=> ¢;®v; € X, then a,(s(z)) = s(e;) ® p(s)zv; = s(ax(x)), so
the action of a, commutes with that of G. For ¢ € Y, let

X, ={z € X |a,(z) =0(2)z, forall z € F}.

This is a 1-dimensional C-vector space, stable under the action of z; indeed, for all
s € G, we have a,(s(z)) = s(a.(z)) = s(o(2)x) = o(2)s(x).

Lemma 3.12. There is a natural isomorphism of G-modules

X = @ C(o o p).

oEX K

This isomorphism maps X, onto C(o o p).

PRrROOF. Since V is a one-dimensional vector space over F', it follows that X
is isomorphic to C ®q, F', which in turn is isomorphic to a product C x ... x C of
d copies of C, the projections C ®q, F' — C being given by the d elements of Y.
Since X, is a one-dimensional vector space over C, this extablishes the direct sum
decomposition X =P, 5., Xo-

Moreover, we have an isomorphism C ®q, F — [],cy, C(o o p) which sends
c®v to (¢ 0(v))sen,. This map commutes with the action of G since s(c ® v) =
s(c)®@p(s)v i (s(c) - (cop)(s)o(v))s = (8(c-o(x))s. This completes the proof. O

3.7. The character associated to a Lubin-Tate formal group. Let 7 be
a uniformizer of F, and for an element f € §, let Fy € Op[[X,Y]], resp. Ef, be
the corresponding formal group law, resp. Tate module, constructed in Section 1.3.
Set F; = F(Ey). Denote by F® resp. F"", the maximal abelian, resp. maximal
unramified, extension of F. The residue field of F"" is an algebraic closure of the
residue field of F and hence Gal(F™"/F') is isomorphic to the completion Z of Z
(that is, the inverse limit of all finite cyclic groups), via the map n +— F™ (heren € /
and F is the Frobenius element in Gal(F*" /F')). Moreover, recall (Section 1.3) that
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Gal(Fe/Fn") ~ Ug. Combining with Corollary 1.13 and the remark following it,
we get

Gal(F®/F) = Gal(F, /F) x Gal(F"" /F) ~ Uy x Z.

Let pr, : Gal(F%/F) — Ur be the projection onto the first factor. Also, let
v : G — Gal(F®/F) be the homomorphism on Galois groups induced by the
inclusion F — K. Finally, let i : Ur — Up be given by i(u) = u~t. We define the
character xg : G — U as the composition

(1) G L Gal(F*/F) 2= Uy 5 Up.

Since v maps the inertia group Ir of G into that of Gal(F/F), which in turn is
isomorphic to Ur via the local reciprocity map, we get that the restriction of xp
to Ir is given by x — v(z~1).

Lemma 3.13. We have the following:

(a) xF ~X;
(b) If o € XF is not the natural inclusion, then oo xp ~ 1.

PROOF. We only sketch the proof (see also Serre [6], Chap. III, §A5). Let
V =FE; ®o, Qp. Recall that G acts on Ey, and hence of V', through the character
xF : G — Uk (Section 1.3). Let X = C®q, V. Now before we proceed, we introduce
a few notions. The tangent space t of Fy at the origin is, by definition, the set of
Op-linear maps 7 : Op[[X]] — K satisfying 7(fg) = f(0)7(g) + g(0)7(f) for all
f,g € Op[[X]], or, in the standard way, the set of Op-linear maps I/I? — F, where
I = (X) denotes the augmentation ideal in Op[[X]]. Thus, ¢ is a one-dimensional
vector space over K. Let t' be (d — 1)-dimensional tangent space of the dual of
Fy, where again d = [F : Qp]. Let V,, be the one-dimensional @Q,-vector space of
Example 2.1. By a theorem of Tate ([9], §4, Cor. 2 to Th. 3), there is a canonical
isomorphism of G-modules

X = X(0)® X(1),

where, X (0) = C ®x Homp(t',K) and X (1) = (C®q, V) ®k t. By construction,
C® QpV, ~ C(x), so that X (1) ~ C(x) ®x t. Since t is a vector space over K,
F C K acts on t via the inclusion o1 : F' — K, and so X,, cannot be contained in
X (0), hence must be equal to X (1). Thus, by Lemma 3.12, C(07 0 p) ~ C(x) ®k t,
and this can be shown to imply C(xr) ~ C(x), that is, xz ~ x. Using the same
argument, we have, for o # o7, that X, must be contained in X (0), implying
C(o o xr) ~ C(1) and thus o o xp ~ 1. O

We may now prove the following crucial theorem. For o € Yk, let x,r be the
character attached to the subfield o F" of K.

Theorem 3.14. The following statements are equivalent:

(i) V is of Hodge-Tate type;
(ii) For each o € ¥, there exists an integer n, such that

p= H ooyl

oEX R

PROOF. Statement (i) is equivalent to the statement cop ~ x" forall o € Xp.
We will prove that the latter is equivalent to (ii). To this purpose, define a character
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0:Grp — K* by
0= H o toxls.
oEXF

If F is replaced by oF in Lemma 3.13, we have that, if 7 € ¥p is different from
o (so that 7 o =1 is not the identity on o F), then 700! o x,F is admissible. If
T =0, then Too tox,r ~ X. These observations can be applied to the composition
700 =[l,ex,TO o=l ox%s. to get that 706 ~ x™~, and hence that statement (i)
is equivalent to 708 ~ 7o p for all 7 € ¥ . By Proposition 3.11, this is equivalent
to p=6. (]

Corollary 3.15. The following statements are equivalent:
(i) V is of Hodge-Tate type;
(ii) V is locally algebraic.

PRrROOF. Let Ny, : L™ — K* be the norm map for a finite abelian exten-
sion L/K. It is well-known (Cassels-Frohlich [2], Chap. VI, §2.2, Th. 2) that
K*/Np gL* ~ Gal(L/K). Taking the projective limit over all such extensions
(with respect to the norm maps), we get K* ~ Gal(K®/K). Similarly, F* o~
Gal(Fe/F). Hence, the composition (1) becomes

=« Nr/F =, pry i
xr: K" —— F* - Up — Up.

The norm maps the inertia subgroup 1% of Gal(K®/K), to that of Gal(F/F),
which is isomorphic to U via the local reciprocity map. Hence, yr restricted to 1%
is # — Ny, p(z~"). Consider now the composition 0~ o Ny, : Ix — Usr — Up
restricted to the inertia subgroup if Gal(K/K). Since admissibility can be seen
on an open subgroup of the inertia group, we then get by Theorem 3.14 that V is
of Hodge-Tate type if and only if

p= H UﬁlONI?%F = H (Uﬁl(NK/aF))fn”,

cEXF cEX R

and this coincide with the definition of local algebraicity. O

3.8. Proof of Tate’s theorem. We now go back to the case where V is a
finite dimensional vector space over @@, and prove Tate’s theorem.

Theorem 3.16 (Tate). Let p : G — Aut(V) be an abelian p-adic representation,
such that its restriction to the inertial subgroup Ik of G is semi-simple. Then the
following are equivalent:

(i) p is of Hodge-Tate type.

(ii) p is locally algebraic.

PRrROOF. Replacing p by p' = p o pr,. does not affect the Hodge-Tate property
(Corollary 3.4), nor the local algebraicity. Recall that pr, maps G into the inertia
subgroup, and since p by assumption is semi-simple on the inertia subgroup, we
may assume that p’ is semisimple. Furthermore, by the definitions of Hodge-Tate
and locally algebraic representations (in terms of their direct sum decompositions),
we may furthermore assume that p’ is simple.

Now let F' C K be the commutant of the algebra End(V); since p’ is simple
and abelian, it follows by Shur’s Lemma that V is a one-dimensional vector space
over F. Let L be a finite extension of K, large enough to contain all conjugates
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of F. By Corollary 3.4, passing to this extension again does not affect the Hodge-
Tate property, nor does it affect local algebraicity. Hence, it suffices to prove the
equivalence for the representation pr, : Gal(L% /L) — Aut(V). But this is precisely
the setting of the previous section, and by Corollary 3.15, the result follows. (]

3.9. Application: Imai’s Theorem. It is the following:

Theorem 3.17 (Imai). Let K be a local field, and let L be the smallest field con-
taining K and pip. Let A be an abelian variety with good reduction. Then the
torsion subgroup of A(L) is finite.

The proof appears in Imai [5]. Roughly, the idea in such a proof is to consider
the Tate modules T},(A(L)) and V,,(A(L)) and the associated p-adic representation
p: Gal(L/K) — AutV,(A(L)), as in Example 2.1 above, and obtain a Hodge-Tate
decomposition of X = C®q, V,(A(L)). Hopefully, one is able to “rule out” some of
the summands, for instance by considering the Lie algebra of p(Gal(L/K)) (which
in this case has dimension less than that of X, and hence the Lie algebras of some
of the summands are 0, and the Lie algebras of the remaining summands have a
nice form). Thereby, one obtains a more and more precise structure on X, and
hence on the Tate modules.
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